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Abstract. We construct a nontrivial cyclic cocycle on the Weyl algebra of a sym- 
plectic vector space. Using this cyclic cocycle we construct an explicit, local, quasi- 
isomorphism from the complex of differential forms on a symplectic manifold to 
the complex of cyclic cochains of any formal deformation quantization thereof. We 
give a new proof of Nest-Tsygan's algebraic higher index theorem by computing 
the pairing between such cyclic cocycles and the K-theory of the formal deforma- 
tion quantization. Furthermore, we extend this approach to derive an algebraic 
higher index theorem on a symplectic orbifold. As an application, we obtain the 
analytic higher index theorem of Connes-Moscovici and its extension to orbifolds. 
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l. Introduction 

Let D be an elliptic differential operator on a compact manifold M. As is well- 
known ellipticity implies that D is a Fredholm operator and the Atiyah-Singer 
index theorem [AtSi] expresses the index of D as a topological formula involv- 
ing the Chern character of the symbol c(D) and the Todd class of the manifold 
M. In ICoMol , CONNES-MOSCOVICI proved a far reaching generalization of the 
Atiyah-Singer index theorem, the so-called higher index theorem. In subsequent 
work [MoWufl , MOSCOVICI-Wu provided an abstract setting to construct higher 
indices. The essential idea hereby is as follows. 

Let YDO _ °°(M) be the algebra of smoothing pseudodifferential operators on 
M. The operator D defines an element ejj in the Kg-group of the algebra of smooth- 
ing pseudodifferential operators YDO _00 (M) / and its image under the Chern- 
Connes character an element Ch(eo) in the cyclic homology of YDO~°°(M). Since 
smoothing operators act by trace class operators, the operator trace gives rise to 
a cyclic cocycle tr on YDO~°°(M) of degree 0. Pairing this cocycle with the cy- 
cle Ch(eo) one recovers the analytic index of D as ind(D) = (tr, Ch(erj)). As 
has been explained in [CoMo. §2], the local information contained in D respec- 
tively its symbol c(D) is not fully captured by this index pairing. To remedy this, 
CONNES-MOSCOVICI constructed a localized index which in the literature and 
also in this work is called the higher index. According to IM oWul , one can un- 
derstand the higher index of D as a pairing ind^j(D) = ([/],Ch loc (eD))/ where 
/ is a given Alexander-Spanier cocycle on M (on which one localizes the index), 
and Ch loc (eD) is an Alexander-Spanier homology class associated which here is 
regarded as a difference of projections in YDO _ °°(M). The higher index theorem 
in [CoMo[ compute the localized index - which no longer is integral - in terms of 
topological data generalizing the Atiyah-Singer index theorem. 

In this paper, we prove an algebraic generalization of the higher index theo- 
rem to symplectic manifolds. Applying our theorem to cotangent bundles, we 
recover the theorem of CONNES-MOSCOVICI. Furthermore, we extend our the- 
orem to general symplectic orbifolds and obtain an analog of the higher index 
theorem on orbifolds generalizing KAWASAKl's orbifold index theorem [Ka[ and 
also MARCOLLI-MATHAl's higher index theorem for good orbifolds [MaMaJ. 

Our approach to an algebraic higher index theorem for symplectic manifolds 
is inspired by the work IFeFeShI . There, Feigin-Felder-Shoikhet proved 
an algebraic index theorem for symplectic manifolds based on a formula for a 
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Hochschild 2«-cocycle T2 n on the Weyl algebra W2n over IR 2 " with its canonical 
symplectic structure. In this paper, we construct an extension of the Hochschild 
cocycle T2„ to a sequence of cochains (tq, Tj, . . . , T"2„) which forms a cocycle in the 

total cyclic bicomplex (lot 2 " FC*(W^ ly ), b + B). Using this (b + B)-cocycle and 



Fedosov's construction of a deformation quantization (A^f ,*) on a symplectic 
manifold, we construct a quasi-isomorphism Q from the cyclic de Rham complex 

to the b + B total complex of (A$/\ *), 

Q: (TofBn'(M)((h)),d) -> (Tof BC*(^ t fl)) ),b + B). 

If one views (.4^^ ,*) as the generalization of the algebra of pseudodifferential 

operators, one can try to compute the pairing between a cyclic cocycle on A^t 

with the Chern-Connes character of an element in Kq^aQ f ). Fedosov proved in 

BFE95I that Kq(A^ ) can be represented by pairs of projectors (Pi, P2) on A^t 
with Pi — P2 compactly supported modulo stabilization. Using methods from Lie 
algebra cohomology, we obtain the following formula for this pairing, 

(Q(«),Pl - P 2 > = E - / «a A A(M) Ch(Vi - V 2 ) exp / ° 



where a = (a 0/ - ■ ■ G Tot 2 * BCl*(M) ((h)) is a sequence of closed differential 
forms on M, and V\ and V2 are vector bundles on M determined by the 0-th order 
terms of Pi and P2, and fi £E u> + hH 2 (M) [[ti\] is the characteristic class of the 

deformation quantization (.4^?, *). 

That the right hand side of the above algebraic higher index formula coin- 
cides with the algebraic localized index was originally proved by NEST-TSYGAN in 
BNETS96I , IBrNeTsI , and Aastrup in IAaI by a different approach. Using Cech- 
methods, NEST-TSYGAN computed the Chern-Connes character of an element in 
Kq(A^^') by constructing a morphism from the cyclic homology of A^" to the 
cohomology of M. Our construction is exactly in the opposite direction and lifted 
to the (co)chain level: By means of the formula for the (b + B)-cocycles (tq, . . . , T2„ ) 
we are able to construct an explicit quasi-isomorphism Q from the sheaf complex 
of differential forms to the sheaf complex of cyclic cochains of A^^ . This al- 
lows us to write down explicit expressions for cyclic cocycles on A^>'. With this 
new construction, we give a more transparent proof of the above index theorem 
using differential forms and Lie algebra cohomology, which is closer to CONNES- 
MOSCOVICl's original approach. 

Let us mention that the b + B cycle (to, - ■ ■ ,t2n) bas been discovered inde- 
pendently by WlLLWACHER [Wil]. He used this cocycle to compute a higher 
Riemann-Roch formula. 



By a similar idea as above, we extend the algebraic index theorem of | PfPoTa | 
for orbifolds to the above higher version. We represent an orbifold by a proper 
etale groupoid, and consider A^^ x G as a deformation quantization of a sym- 
plectic orbifold M = (Go /G, to), as it has been constructed by the third author 
in IITaI . Using Fedosov's idea |Fe02| , we generalize the above b + B cocycle 
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(to, • • • , t 2 „) on the Weyl algebra W2„ to a 7-twisted b + B cocycle with 7 a lin- 
ear symplectic isomorphism on V of finite order. Analogously to the manifold 
case, we use the 7-twisted cocycle and Fedosov's connection to define a S-quasi- 
isomorphism Q from the cyclic de Rham differential complex on the correspond- 
ing inertia orbifold M to the b + B total complex of the algebra X G. For 
a. = (a 2)c , ■ ■ ■ , «o) G Tot lk BCl* (M) ( (h) ), and P\, P 2 two projectors in the matrix al- 
gebra over «4.(W) xi G with P\ — P2 compactly supported, we obtain the following 
formula as Thm. 15.131 



k ! a2; AA(M)Ch e (,*y 1 - Z *y 2 )exp(- 

(Q(a),P 1 -P 2 > = JJ / 



7=0 



M (27i^/^T)im Ch e (A_iN) 



where V\ and Vi are the orbifold vector bundles on M determined by the 0-th 
order terms of Pi and P 2 , H is the characteristic class of (*4>™ x G, *), / is the 
canonical map from M to M, and m is defined in terms of the order of the local 
isotopy groups. 

As an application of our algebraic formulas, we derive higher analytic index 
theorems for elliptic operators using an asymptotic symbol calculus. 

To this end we first consider a cotangent bundle of a manifold Q. It was shown 
by the first author [Pf98] that the asymptotic symbol calculus on pseudodiffer- 

ential operators on Q naturally defines a deformation quantization (-4cp?^> *op) 

of T*Q and the operator trace induces a canonical trace on (-4cp?^>*op)- To de- 
rive CONNES-MoscoviCl's higher index from the higher algebraic index theo- 
rem, we prove that the algebraic pairing (Q(a), Pi — P 2 ) coincides asymptotically 
with the pairing (X[f],Ch(ei))} defined in ICoMol . More precisely, we prove 

that the cyclic cocycles Q(a) and X[f] on ^f )) (T*Q) are cohomologous, if the 
Alexander-Spanier cocycle / and the closed form a induce the same cohomology 
class on Q. We prove the claimed relation by using sheaf theoretic methods and 
by applying inherent properties of the calculus of asymptotic pseudodifferential 
operators. Let us mention that a sketch of how to derive the analytic higher index 
theorem from the algebraic one has already been outlined in |NeTs96|. Here, we 
take a different approach by elaborating more on the nature of Alexander-Spanier 
cohomology and its use for constructing cyclic cocycles on a deformation quanti- 
zation in general. In particular, this enables us to directly compare the algebraic 
higher index with the definition of the localized index by CONNES-MOSCOVICI. 

Secondly, we consider the cotangent bundle of an orbifold Q. The way we ad- 
dress this problem is similar to the above manifold case. To define a higher index 
for an elliptic operator D on Q, we need to define a localized index of an elliptic 
operator D on Q. This leads us to introduce a new notion of orbifold Alexander- 
Spanier cohomology, whose cohomology is equal to the cohomology of the cor- 
responding inertia orbifold Q. Next, we introduce a notion of localized X-theory 
of an orbifold, and show that there is a well defined pairing between localized 
X-theory and orbifold Alexander-Spanier cohomology of Q. With these natural 
definitions and constructions, we follow the same ideas as in the manifold case 
to prove a higher index theorem on a reduced orbifold. We would like to remark 
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that our definition of orbifold Alexander-Spanier cohomology is new and differ- 
ent from the standard definition of Alexander-Spanier cohomology of a topolog- 
ical space. In particular, we have view an orbifold as a stack more than just a 
topological space. For this reason, our higher index theorem on orbifolds detects 
the topological information of an orbifold as a stack. 

Recall that CONNES-MOSCOVICI ICoMol used their higher index theorem to 
prove a covering index theorem, which was used to prove the Novikov conjecture 
in the case of hyperbolic groups. We would like to view this paper as a seed for the 
study of covering index theorems (cf. I MaMaI ) for orbifolds and the equivariant 
Novikov conjecture [RoWe]. We plan to study these questions in the future. 

This paper is organized as follows. In Section |2 we introduce and prove that 
(tq, ■ ■ ■ , T2 n ) defines a b + B cocycle on the Weyl algebra W2,,. In Section|3l we use 
a Fedosov connection to construct a quasi-isomorphism from the sheaf complex 
of differential forms to the sheaf complex of cyclic cochains on the algebra of the 

deformation quantization («4^t ,*) of a symplectic manifold corresponding to 
the Fedosov connection. Then, in Section |H we use Lie algebra Chern-Weil theory 
technique to prove a algebraic higher index theorem. Afterwards, in Section|5l we 
extend the constructions from Sections [2E] to orbifolds and obtain a higher alge- 
braic index theorem for orbifolds. In Sections|6]and[7l we discuss how to apply the 
higher algebraic index theorem to prove CONNES and MoSCOVICl's higher index 
theorem on manifolds and its generalization to orbifolds. 

Acknowledgments: The authors would like to thank M. Crainic, G. Felder, A. 
Gorokhovsky and H. Moscovici for helpful discussions. H. Posthuma and X. Tang 
would like to thank the Department of Mathematics, University of Colorado for 
hosting their visits at CU Boulder, where part of the work has been completed. The 
research of H. Posthuma is supported by NWO, and X. Tang is partially supported 
by NSF grant 0703775. 



2.1. The Weyl algebra. Let (V, co) be a finite dimensional symplectic vector space. 
In canonical coordinates (pi, . . . p n , cj\, . . .cj n ) the symplectic form simply reads 
cv = Y^idpj A dqi. The polynomial Weyl algebra W poly (V) over the ring C[h, ft -1 ] 
is the space of polynomials S( V* ) <8> C [h, ft -1 ] with algebra structure given by the 
Moyal-Weyl product 



where m is the commutative multiplication and a € End (W poly (V) ® W poly (V)) is 
basically the Poisson bracket associated to cv: 



2. Cyclic cohomology of the Weyl algebra 



f*g 



(moexp(-a))(/(8>g) 
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In the formula for the Moyal product, the exponential is defined by means of its 
power series expansion, which terminates after finitely many terms for the poly- 
nomial Weyl algebra. For the particular case where V = R 2 " with its natural 
symplectic structure, we write W£j y for WP^V). 

The symplectic group Sp 2)! acts on WP,° ly by automorphisms. Infinitesimally, 
this leads to an action of the Lie algebra sp2„ by derivations. It is known that all 
derivations of W£° y are inner, in fact there is a short exact sequence of Lie algebras 

C[/U _1 ] -> WJ£ ly Der (W^ Iy ) -» 0. 

The action of sp2„ is explicitly given by identifying sp2„ with the quadratic homo- 
geneous polynomials in S(V*). 

Finally, using the spectral sequence associated to the fr-filtration on W^ y , one 
proves the following well-known result: 



Proposition 2.1. IFeTsI The cyclic cohomology of the Weyl algebra is given by 

r C[n,tC l \ ifk = 2n + 2p,p>0, 



else. 



2.2. Cyclic cocycles on the Weyl algebra. The aim of this section is to define an 
explicit cocycle in the (b, B) -complex that generates the nontrivial cyclic cohomol- 
ogy class at degree 2n as is suggested in Proposition 12.11 above. We first need a 
couple of definitions. For 1 < i ^ / < 2k < 2n we define cl V} £ End ((Wf,° ly ) 02/c+1 ) 
by 

, " / ddi da, 

Kij{a <g> . . . <g> a 2 k) — }, flo ® • • • ® ^— <8> • • ■ ® ^ <8> • ■ • <8> aik 

' ops °q s 



s=l 



da; dd; 
-«o • • • <H> ^— <8> • • • <E> ■=- J - ® ...®a 2 k 
oq s dp s 

i.e., the Poisson tensor acting on z'th and j'th slot of the tensor product. We also 
need 

n 2k = 1 ® {ha) Ak e End ((Wj)® (M) )' 
and finally ^ : (W^)®^ 1 ) -> Cp^fT 1 ] is given by 

i^(a ® . . . ® «;) = flo(0) ■ ■ ■ a i(0)- 
In the following, A fc c R*^ is the standard simplex given by < u\ < . . . < < 1. 

Definition 2.2. Let W£° ly be the Weyl algebra. For all i with < z' < 2n define the 
cochains T; 6 c' (W,° ly ) as follows. For even degrees put 



T2*(«) = (-l)Vafc / EI e^""^ 

JA 0<i<j<2k 

In the odd case, we put 



n 2k{ a )dU\ ■ ■ ■ dtl2k- 

K =0 



T 2jt _i(«) := (-l^W-i L , 11 

0<i'</<2k-l 



(ha) Ak (a)dui ■ ■ ■ du 2 k-t, 

"o=o 
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Remark 2.3. The cocycle r 2 „ G C 2 "(WP° ly ) is the Hochschild cocycle of HFeFeShI 
up to a sign ( — 1)". The sign is needed for (t , ■ ■ ■ ,T2n) to be b + B closed, as in 
the theorem below. 

Theorem 2.4. The cochains T; G C'(W^° ly ) satisfy the relation 

-B T 2k = T 2k-1 = hT 2k-2- 

Remark 2.5. For n = 1, the proof of this theorem is quite easy since the cocycles 
can be written down explicitly. We have 

T 2 («o®«l®«2) := -fy*2 / e ft (2-"i)' l oie ?i (5-»2)«o2 e ?i("i-"2+l)«i2 

(1 <g> a) (a <8> «i ® #2) du\du 2 

T (a ) := flo(O) 
With this we compute: 

BT2(«o ® «l) = — T2(l ® «0 ® + T 2(l ® «l ® «o) 

= -hfi 2 / e ri( " 1_ " 2+ ^ a a(fl <g) a\ - a\ ® a )du 1 A du 2 

J A 2 

= -hu 2 [ du 2 [ 2 duie h ^ Ul ~ Ul+ ^ )a oc{aQ <g> «! - <n ® a ) 
Jo Jo 

= -fl 2 jf du 2 £ 2 dUi {j^^ 1 ' 1 '" 2 ^^ ( fl ® «1 - «1 ® «o) 

= - F2 du 2 (e'i* - e r '(2-"2)^ ( flQ g, fll _ fll g, flQ ) 
= -ii 2 e^ a (a ®ai—ai® a ) 

+ F2 ^ du 2 (V , (2-" 2)ffi - e - a (l-"2)^ ( flQ g, fll ) 
ft 

= — (ffo <g> «! — ai <8> «o) 
= - (a *«i(0) -«i*« (0)) 

= -foT (fl ®«i). 

The integral in the sixth line can be seen to be zero by using the antisymmetry of 
the integrand under reflection in the point u 2 = 1 / 2. This gives an easy proof of 
the n = 1 case. 

In the general case, the proof of Theorem 12 .41 proceeds in two steps: 
Lemma 2.6. One has T2/t-i(ao <8> ■ ■ ■ <8> «2)fc-l) — ~^ T 2k{ a ® ■ ■ - ® &2k-l)- 
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Proof. First we write out the left hand side: 



T 2k -i{a (g) . . . (2) «2)t_i) 



l) fc_1 I Y[ e h( - Ui ~ u i + ^ a 'i 



^ 0<i<j<2k-l 



(fta) Afc (ao ® • ■ • <8> ^2k-\)du\ ■ ■ ■ du 



2k-l 



(-if- 1 t ds [ n e^ M '-"/ + 2) a v 



0<i<j<2k- 

(ha.) Ak (ao <g> . . . <g> a 2 k-i)dui ■ ■ ■ du 2 k- 



(_!)*-! r +1 ds /■ n e fi("i-«;+2)*i; 

;=0 ./«, ja^'c o<t<y<2)t-i 



(M) Afc (flo <S> . . . <8> a 2 k-i)du\ ■ ■ ■ du 2 k-\ 



2k-\ 



= (-l)*" 1 £ (-1)' / p| eft("i-"/+2H; 
/=0 •' A2 ' r 0<»</<2fc— 1 

(fia) Afc (flo <8> ■ • ■ <8> a 2 k-\)du\ ■ ■ ■ du\dsdu\ + \ ■ ■ ■ du 2k -\. 
In the Z-th term of the sum we now change variables 

V\ — s 

V2 = + S 



" 2ic-i = "2/c-l + S 
^2/c-/+l = "1 + S 

V 2k = Ui+S. 

Now let c; 6 S2fc be the cyclic permutation . .2/c) = (I,.. .,2k,l,. . .1 — 1). 

With this, the Z-th term can be written as 

(-1)' / EI e H[v ^ V ^ ))Ui K^\<^ ® • • • ® «2*-i)<fei ■ ■ ■ 

• / ^(A 2t ) \<i<)<2k 

where ip : 1R — ► [—1,1] is the function introduced in [FeFeSh, §2.4]. As in the 
proof of Lemma 2.2. of loc. cit., the expression above is equal to 

(-1)' / n ^ v ~ v i + ^^hu) Ak (a l ®...^a 2 k-i^ao®...ai. 1 )dv 1 ---dv 2k . 

jA2k \<i<]<2k 
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On the other hand we have 

2k- 1 

BT 2 k{a ® . . . ® «2k-l) = E ( _1 ) iT 2fc(l ® fl Z ® • • • ® fl 2/t-i ® «o ® • ■ • ® «Z-l) 



;=o 

2k-l 



e (-i)Wi L n ^'- u ^ 



1=0 •' A2k l<j<l<2k 

x (ha) Ak (ai <g> . . . ® «2k-i ® fl o ® • ■ • ® a\_\)du\ . . . du^. 
One finally concludes that the two sides of the claimed equality coincide. □ 
Lemma 2.7. One has br 2 i = t7k+\- 

Proof. The proof of the claim proceeds along the lines of the proof of Proposition 
2.1. in IFeFeShI . Introduce the differential form rj 6 Cl 2k (A 2k+1 , C 2k+1 {W ln )) by 
2k+l , 

n ■■= (-i)Wi E EI ^ u r u ^n 



i=l 0<;'</<2k+l 



dui A ... A du ; A ... A du lk+x n l lk , 
"o=0 



where 7r 2J . £ End (Wf 2k+2 ) is (ha) Ak acting on all slots in the tensor product 
except the zero-th and the z-th. It then follows that 



bTn = n — / dn. 

We have 

2k+l 2k+l 

dn = E (-!)' E ha ^ l 2k II e n ( u r»i+i)«Hdui A ... A du 2k+1 . 

1=1 s=0 0<;'</<2fc+l 

We now claim that 

2k+l 2k+l ,„, „, 

E E *«is4k = (n«) Hk+1) e End(W 2 ^ +2 '). 

i=l s=0 

Indeed one can split the sum as 

2/c+l 2k+l 2k+l 2k+l 2k+l 

' _ '2k- 



E (- 1 ) 1 E h ^ l 2k = E E (-^ E "is* 1 ! 



1=1 s=0 i=l i=l s=l 

The first part equals (htx) A ( k+1 \ whereas the second equals zero: the oc» all com- 
mute among each other, the number of terms 2k(2k — 1) is even, they cancel pair- 
wise. □ 

This completes the proof of Theorem l2.4l As a corollary we have of course: 

Corollary 2.8. The cochains T2/ c , < k < n combine to define a cocycle 

(t , t 2 r 2n ) e (Tot 2 " BC' (w£ y ), b + b) , 

Remark 2.9. In particular, bT2 n = 0, which is the statement in [FeFeSh) that T2 n 
is a Hochschild cocycle, generating the Hochschild cohomology in degree 2n. In 
other words, we have completed this Hochschild cocycle T 2n to a full cyclic cocycle 
(to, T2, . . . , T2n) in the (b, B)-complex. Notice the similarity of this cocycle with the 
so-called JLO-cocycle |JaLeOs| . 
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2.3. The sp2n _ action. For any algebra A, denote by flt(A) the associated Lie al- 
gebra given by A equipped with the Lie bracket [a\,a^\ = a\ai — aia\. This Lie 
algebra acts on the Hochschild chains by 

k 

L a (a <g> . . . <g> ay) — J2( a o ® • ■ • ® ® • ■ • ® a k)- 

The Cartan formula L a = b o i a + i a o b holds with respect to the Hochschild differ- 
ential, if we define i a : Q(A) — > Q+i(A) by 

k 

L a (a ® . . . ® a k ) = ^(-l) !+1 (fl ® ■ ■ ■ ® a t ® a <g) a,- +1 <g> . . . (8 a k ). 

Dually, these formulas induce Lie algebra actions of fll(A) on C*(A) and C*(A). 

Recall that sp 2n acts on WP° ly by inner derivations where we identify sp2n with 
the homogeneous quadratic polynomials in W^. 

Proposition 2.10. The cochains Xiy 6 C (Wj" 7 ), < k < n are invariant and basic 
with respect to sp 2n , i-e., 

L a T"2fc = and laXik — for all a 6 sp2„- 

Proof. The proof is literally the same as for the Hochschild cocycle T2„, cf . [ FeFeSh , 
Thm2.2.]. □ 

This property of the cocycle (to, ■ ■ ■ , T2„) 6 Tot 2 " BC' '(W^) is important in the 
next section where we apply the Fedosov construction to globalize these cocycles 
to deformed algebras over arbitrary symplectic manifolds. 

3. Cyclic cocycles on symplectic manifolds 

Let (M, a;) be a symplectic manifold with symplectic form to. We study in this 
section the cyclic cohomology of a deformation quantization of (M, to). In 
particular, we construct an explicit chain map from the space of differential forms 
on M to the space of cyclic cochains on the quantum algebra A ■ 

3.1. Deformation quantization of symplectic manifolds. For the convenience of 
the reader let us briefly review Fedosov's construction of a deformation quantiza- 
tion of a symplectic manifold (M, to). 

We first extend the Weyl algebra W poly (V) for a symplectic vector space {V,to) 
to W + (V) and W(V). Let y l , ■ ■ ■ ,y ln be a symplectic basis of V with y 2 ^ 1 = p;, 
y 2 - 1 = qi for 1 < i < 2n. Then W + (V) consists of elements of the form 

YL ^ a i,h,-hnV 11 ■■■y 1 " with a i,h,-,i2n constant. 

£l,---,*2'M>0 

It is easy to check that the product * on W extends to a well defined associative 
product on W+(V). Furthermore, we define W(V) to be W + (V)[ft -1 ]. 

Observe that the standard symplectic Lie group Sp(2«,R) lifts to act onW(V) 
and W + (V). Let FM be the symplectic frame bundle of TM, which is a principal 
Sp(2n, R)-bundle. We consider the following associated bundle W = FM Xg p 
W + V, which is usually called the Weyl algebra bundle. We fix a symplectic con- 
nection V on TM, which lifts to a connection V on W. Let R e 2 (M;sp(TM)) 
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be the curvature of V. Then V 2 is equal to |[R,-] £ n 2 (M;End(W)), where R is 
obtained from R via the embedding sp 2 „ Wi. 

Assign deg{y') = 1, and deg(h) = 2, and denote W>t- be subset of W with 
degree greater than or equal k. Fedosov proved in [Fe95 [ that there exists a smooth 
section A £ O 1 (M; W>3) such that D = V + \[A, — ] defines a flat connection on 
W, which means that D 2 = 6 n 2 (M;End(W)). This implies that the Weyl 
curvature Q of D, which is defined by Q = R + V(A) + ^ [A, A] is in the center 
of W since D 2 = jj[fi,— ]. Since the center of is given by C[[ft]], H = -co + 

htoi H is a closed form in n 2 (M;C[[ft]]). By IFE95I it follows that the sheaf A n D 

of flat sections with respect to D is isomorphic to CjJJ [ [ft] ] as a C [ [ft] ] -module sheaf. 
Moreover, the induced product on C°°(M) [[ft]] defines a star product on M. The 
connection D is usually called a Fedosov connection on W. In the following we 
will refer to A^ (M) as the quantum algebra associated to D, and will often denote 
it for short by or A if no confusion can arise. The algebra of sections with 
compact support of the sheaf A^ will be denoted by A^! pt . Finally, let us remark 
that gauge equivalent D and D' define isomorphic sheaves of algebras Aj~, and 
Al^i, and that any formal deformation quantization of M can be obtained in this 
way 

3.2. Shuffle product on Hochschild chains. In this part, we review the construc- 
tion of shuffle product on Hochschild chains. Let A be a graded algebra with a de- 
gree 1 derivation V. Recall that the shuffle product between uq g) ■ ■ ■ a p £ C p ( A) 
and bo <2> • • • <2> bq G Cq(A) is defined to be 

(a ® • • • ® «p) x (bo ® • • • ® = 

= (_l) d ^( fc o)(E / deg(« i )) S hp /1? (fl foo ® «i ® ■ ■ ■ ® fl P ® bi ® ■ ■ ■ ® bg), 

where 

Sh P/(? (c ® ■ ■ ■ ® c p+I? ) = £ sgn(cr) c ® c^) ® ■ ■ ■ ® c a(v+q) 

with sum over all (p, ^)-shuffles in S p +^. 

In IIEnFeI Sec. 2], Engeli-Felder considered differential graded algebras, and 
studied the properties of the shuffle product of a Hochschild chain with a Maurer- 
Cartan element in the differential graded algebra. Due to the needs of our applica- 
tion here to deformation quantization, we consider a generalized Maurer-Cartan 
element to which means a degree 1 element of A such that Vo; + co 2 /h + R = His 
in the center of A and R is a degree 2 element. We prove the following analogous 
properties of shuffle products with a; as in |EnFe|. 

Lemma 3.1. Let co £ A be such that CI — R = Vco + co 2 /h. Put (co)^ := 1 <g> to ® 
■ ■ ■ ® a) £ Qfc(A). Then one has for all a = ao <g> ■ ■ ■ <g> a p £ C p (A) 

£>(a x (cu)fc) = b(a) x (o;))t + (—l) v a x fc(o;)fc 

(3.1) fc 

~ (-!) p I]( fl o® ■ ■ ■ ® [o>,«j] ® ■ ■ ■ ®a p ) x (a>)jt-i, 

i=0 

where [a, a'] for a, a' £ A z's ffte graded commutator between a and a'. 
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Proof. This is literally the same as the proof of [EnFe , Lemma 2.6]. □ 
Lemma 3.2. For co as in Lemma \37l\ and k > 1 

k-\ 

b((v) = and b(co) k - ftV((a>) fc _i) +h <8>07<8> • • -<g> (D.-R) <g> • • • <g>a>. 

;'=i 

Let us remark at this point that Lemma l3~51 is slightly different from [EnFeI Lemma 
2.5] because of the existence of O. 

Proof. First check b((a>)o) = b(l) = 0. Then observe that for k > 1 

&(o7)j. = b(l (8)w<8> ,,, <8>a?)=a7(g)"'(8) o>+ 

+ O- 1 ) 7 ' 1 ® w ® ■■■®07 2 ®---<g)a7 + (-l) fc (-l) fc_1 07 <g> • ■ ■ <g>a> 
7=1 

= £ ® o; <g> •••<8>^(n- J R- Va?)(g) •••(8)07 

7=1 

= ^((wjjfc-i) + ft ^ <8> co <g> • • • <8> (fi - R) <g> • • • <g> co. 

7=1 

□ 

Lemma 3.3. For co as in Lemma \3l\ and every a 6 Q(A) one has 

B(a x (o;)jt) = Ba x (a;)*. 
Proof. The claim follows by a straightforward computation: 

B(a x (o>) fc ) = 

= B((_l)deg(foo)(E / deg(« / )) Sh; fc ( flQ 8(!l8 ... 8fl(8w ®.-®w)) 

/c+/ 

= ® Sh; /fc (o; ®---(g)O7(g)fl (g)fl 1 (g)---(g)fl;(g)a7(g)---(g)a;) 

i=/+i 

i=i 

/ 

= X^(-l)''Sh; +1/Jc (l <g> a,- <g> • • • <8> «/ <g> a <8> • • • <8> <8> 07 <g> • • • <g> co) 
i=0 

= Ba x (a?)fc. 

□ 

3.3. Cyclic cocycles on deformation quantizations of symplectic manifolds. In 

this section, we study the cyclic cohomology of the quantum algebra 

A<£ h » :=Al[h-\ 

which is the kernel of a Fedosov connection D = d + I [A, — ] on W[« -1 ]. Note 
that since D is a local operator we in fact obtain a sheaf of quantum algebras on 
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M, which we also denote by A^ . Let A^ ]) be its space of sections with com- 
pact support. We will define in this section an S-morphism Q between the mixed 
complexes 



(n'(M),d,0) and (c'{A { ^ )] ),b,B 



In the construction of Q we will use the mixed sheaf complex (6* ( ) , b, B) de- 
fined in Appendix lA.2l and Theorem [A3] which tells that the complex of its global 

section spaces is quasi-isomorphic to the mixed complex (C* («4cpt )/^/ 

In the following definitions, we consider the shuffle product on the Hochschild 
chains of the graded algebra W ®c co {M) ^*(^)((^)) with a degree 1 derivation 
V, the symplectic connection, and a generalized Maurer-Cartan element A, the 
Fedosov connection. 

Remark 3.4. The cyclic cocycle (t , . . . , r 2n ) G Tot 2 " BC° ( W^ ly ) defined in Def . O 
extends uniquely to a continuous cyclic cocycle on the algebra W with the same 
properties as Prop. 12.101 

Definition 3.5. Define G fY(M) ® C co {M) (W®(2*-«+i))* ( M ) by putting 

% k (a ®---®a2 k -i) := (jj Tufao ® ■ ■ ■ ® a^-i) x (A),-). 

To explain this definition a bit more: for a given point x G M, we have used the 
natural identification of the fiber of W[h _1 ] over x with the Weyl algebra W2„ in 
the formula above. The cochain r 2k is defined as in Definition 12. 2\ ( — )* denotes 
the dual bundle functor, and ciq, ■ ■ ■ ,a 2k _j are germs of smooth sections of W at 
x. It is important to remark that the definition above does not depend on the 
decomposition D = V + A of the Fedosov connection: a different choice amounts 
to adding a sp 2n valued one-form to A. By Proposition 12.101 this yields the same 
result. 

Proposition 3.6. For every chain a ® ■ ■ ■ ® a 2k _ t G C 2k+1 _i(A^^) the above defined 
Y' 2k satisfies the following equality: 

(3 2) rfY2 "- 2 ' t(fl0 ® " " " ® a *+^ 

= T 2«-2/t(K«0 ® ■ ■ ■ ® «2fc+l-i)) + ^-2/^+2 W fl ® • • • ® «2fc+l-i))- 

Proof. To prove Eq. (|3.2b , apply to Eq. (|3.11 with a? = A and check that 



- ) r 2k (b(a x (A),)) 



(3.3) 



(0 ' r 2k (b(a) x (A),) + (-I) 2 *"*-" Q) ' T a (« x KA)«) 



2k+\-i / -i \ z'-l -i 

(_i)a-m £ T2 ,( (flo0 ... _ [A/fli]0 ... 
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for every a = uq <g> ■ ■ ■ g> a 2k+ i_j 6 C 2k+ \_i (^cpt ) • Recall that by definition, every 
cij 6 satisfies the equality 

1 

Vflj + - [A, dj] = 0. 

Therefore, we have 

1 

tm ((flo«> ••■ ® r[A,fly] <g> ■ ■ ■ <g> flafc+l-i) x (A) i-i) = 
= -T2Jfc((«0® ■ ■ ■ ® Vfly® ■ ■ ■ ®«2fc+l_t) x (A)j_l). 

By Lemma |3~5I we obtain 

-axK(A)i) = 

(3.4) /_! 

= a x V((A),-_i) + £(-l) ; « x (1 <g> A <8> • • • <g> (n - R) <g> • • • <g> A). 

7=1 

Recall that O 6 O 2 (M, C [ [h] ] ) is in the center of W and R is in the image of sp 2n in 
W. Therefore, since the are reduced sp 2n basic cochains by Prop. 12,101 

r 2k (a x (1 <g> A <g> • • • <g> (n - R) <g> • • • ® A)) = 0. 

Applying t 2 j- to Eq. H3.4L one gets 

-T^fl x fc(A);) = T 2fc (fl x V((A)i_l)). 

Therefore, we have that 

(_i)»+i-«Yiy Tat ( flx6 (A) f ) 



2fc+l— i /i \ i-l 



1\ 1, 



;=0 



ft/ ^ •■ ' ft 1 

®«2)t+l-t) x (A)i-l) 



( _ 1)2 * + i-» Qy 1 T2fc( flxv((A) ; _ 1 )) 



2fc+l-i / j \ '-1 

+ (_ x ja+i-i £ T 2fc ((fl ®---®Vfl ; -® - - - <8> «2fc+l-l) x (A)t-i) 



;=0 
i-l 



= ( _ 1)2 *+l-<^j dxzkici x (A),*_i). 

Applying Corollary l2,8i we have that 

br 2k (a® (A)i) = - BT 2k+2 {a x (A);) 
(3.5) = -T 2Jt+2 (B(flX (A)*)) 

= ~ T 2)c+2(B(fl) x (A),-) (byLemma|32]). 

Eq. I|3.5|l entails 

lY „ AY 



) T 2fc (K« x (A);)) = - r 2k+2 (B(a) X (A),'). 
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r 1 



r 2k+2 {B{a) x (A)i) = 

( 3 - 6 ) W i ; _i 

= Q) ' T 2k {b{a) x (A)i) + (-l)'-l ' dr 2k (a x (A)^)- 

But this is equivalent to 

-D'" 1 ax 



(-I)- 1 ( - ) dr 2k (a x (A) t ) 



1 \ 1+1 _ / 1 \ ,+1 

T 2jt+2 (B(a) x (A) m ) + i^-j r 2k (b(a) x (A) m ), 



which by the definition of Y 2/c entails Eq. <3.2t . □ 

Definition 3.7. For every z, r with 2r < i and every open If C M define a mor- 

phism^Tf : n<(U)((h)) - e^ 2, -(^»)(LJ) by 

Xi / L 2 '"(a)(«0 <8> • • • ® «j-2r) = ^ * A Y^: 2) .(flo <8> • • • ® «{-2r)/ 

where a e n'(ll)((ft)) and a 0/ ■ ■ ■ ,a;_ 2 r e (If). The integral converges 

because ciq, . . . ,dj_ 2r have compact support. Obviously the xYu form the local 

components of sheaf morphisms x\~ 2 ' : Cl l M ((h)) — > e' 2 '(A^ h ^). Using these, 
define further sheaf morphisms %i ■ q m(( s )) ~> Tot ' SCf (.A^) by 



(3.7) Xi=Ex 

2r<i 

The X; have the following crucial property. 

Proposition 3.8. For every a 6 Q , (U)((fi)) if iY/i !i C M open one has 

(b + B)x.(<*)=X»(dct). 
Proof. Writing out the definition of x> we have to show that 

/ d/xA £ Y^I^Oo «>•••«! a m _ 2 r) = 



2r<z+l 



M 



A E YUl^(t(Bo®---®a i+ i_ 2r ))- 

2r</+l 



+ NA £ Y^: 2r+2 (B(fl ® ■■■®fl/ + i_2r)) 



M 2r<i+l 
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holds true for all chains «o ® • • • <8> fl[_2r+i 6 C2fc+i-i(-4qi?^)- Since M is a closed 
manifold, by integration by parts, this equality is equivalent to 



2r<i+l 

A E Y 2»-2,-(H«0® ■■■®flf+l-2r))- 



= / a , 
/m 



2r<i+l 



A E Y^:^ +2 (B(fl <8>---®fli+l-2r))- 



M 2r<i+l 



This is a corollary of Prop. 13.61 □ 
As a corollary of Proposition [3T8J we obtain for every i a sheaf morphism 
Q' : Tot^nU(&)) := n- 2 ''((?i)) - Tot 1 Be' (A^) 

2r<i 

which over UcM open evaluated on forms a,_2i- £ n ,-2r (!i) ((ft)) gives 

(3.8) Q'u( E *i-2r) = 7^ ^=FTT E K<-2r,u(*i-2r)/ 

V 2r<i ' (27TV-1)" 2r<i 

where we have viewed ;ti-2r,ti( a ;-2)-) as an 

element in Tot 1 ' Be' (A^) (ii) via the 
embedding Tot 1 '" 2 '' BT (A^) ^ Tot 1 ' 66* (A^ h)) ) . 

Theorem 3.9. The above defined sheaf morphism 

Q: (Tot*£n^((ft)),d) -» (Tot"Be'(^W)) / 6 + B) 

zs an S-morphism between mixed cochain complexes of sheaves and a quasi-isomorphism 
of the sheaves of cyclic cochains. 

Proof. By Proposition 13.81 Q is a morphism of sheaf complexes. Together with 
Eqs. ||3.7|| and j3.8i this entails that Q is an S-morphism. To prove the second 
claim it therefore suffices by BLol Prop. 2.5.15] that the (/C'vigN f° rm a q uas i~ 
isomorphism of sheaf complexes x '■ ^m((^)) ~~ * e'(A^ h ^). 

This follows from a spectral sequence argument provided in the following. We 
remark that x does not preserve the /i-filtration on both complexes. Therefore, 
we need to modify x\ by without changing the final conclusion. Under this 

change, we will have a cochain map x '■ (^m(W)'^) ~~ * (e* (A^ Tl ^) ,b) compat- 
ible with the ?z-filtration. Then we consider the induced morphism on the corre- 
sponding spectral sequences. The Eq terms of e*(A^'') is equal to the localized 
Hochschild cochain sheaf complex 6* (C°°(M) ((&))), which is quasi-isomorphic 
to the sheaf of de Rham currents on M, cf. ICol . The induced differential on Eq 
under this quasi-isomorphism is dual to the Poisson differential on the sheaf of 
differential forms on M 

As all the above sheaves are fine, it sufficient to prove the claim over each ele- 
ment of an open cover of M where each of its open sets is symplectic diffeomor- 
phic to an open contractible subset of M 2 " equipped with the standard symplectic 
form: a Darboux chart. We check that the induced x\ on ^0 over such open set U is 
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a quasi-isomorphism. Over U, the Eq component x\ or %\ m Def. 13.71 is computed 
to be 

(3.9) xK a )( a o ® i\ ® • • • ® «f) = y «A*(fl|)(lfli A-- - Aiflj), 



where * : — > Q^J ' is the symplectic Hodge star operator on M introduced by 
Brylinski (Br|. 

By the identity d n = ( — l) 1 * d* for the Poisson homology differential d n on 

/ da A *(aodai A ■ ■ ■ A da 1+1 ) = 
Ju 

(3.10) =(-l)*y a Ad* (a dfli A • • • Adfl i+1 ) 

= y a A * (d 7r (a dfli A ■ ■ ■ A da ;+1 )) . 

Combining Eq. 03.9b — d3.10b , we see that ^ • maps the de Rham differential on ((h)) 
to a differential on the cohomology of C* (C°°(M)( (h))), which is dual to the Pois- 
son differential d n . Therefore, we conclude that on each If, the chain map (x^ieTSS 
is a quasi-isomorphism at the Eq level. This proves that (x';)ieK ^ s a quasi-isomorphism. 

□ 

Corollary 3.10. Over global sections, Q induces an S-quasi-isomorphism 
Q: (Tot' Bd'(M) ((h)), d) -> (TbfBC*(^* )) ) / 6 + B). 

4. Algebraic index theorems 

In this section we study Connes' pairing between the X-theory of and 

a cocycle Q(c) e Tot* BC* (A^ (M)), where c is an element in Tot* BCl*(M) = 
© 2 /<.n*- 2 '((ft)). This results in an algebraic index theorem which computes this 
pairing in terms of topological data of the underlying manifold M. 

4.1. The pairing between cyclic cohomology and K-theory. We start with briefly 
reviewing the general theory ILol Sec. 8.3] of a pairing between cyclic cohomology 
and Kq group of a unital algebra. 

Let A be a unital algebra over a field k and let e be an idempotent of A. The 
Chern character Chjt(e) is a cocycle in 

B 2k (A) = A ® A M2k) ®A® A^ 2k ~ 2) • • • A 
defined by the following formulas 

Ch fc (e) = (cjfc, cjt-i, ■ ■ ■ ,c ) £ B 2 k(A), where 
(4-1) a = (-iy^-(e-h®e®M e A ®A 2i for/ = l,...,fc 

co = e 6 A. 

It is easy to check that Chj^e) is b + B closed. One then defines a pairing between a 
(b + B) -cocycle (p — ((p2h ' ' ' i'Po) an d a projection e 6 A by the canonical pairing 
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between C k (A) and C k (A), 

(<p,e) := (cp,Ch(e)} = (( e - i) ® e ® • • • ® . 

This construction descends to cohomology and yields the desired pairing 

HC fc (A) x K (A) -> k. 

Now let M be a symplectic manifold, and ^4^)) (M) be a Fedosov deformation 
quantization of M as constructed in the previous section. We apply the above to 

obtain a pairing between the cyclic cohomology HC° (.A^t ) and the Kq group of 
A^\m). (To define the Chern character like (|4.1b , we usually adjoin a unit to the 
algebra A { J$\m).) 

Recall from IFE951 6.1] that an element in Ko^A^ ) can be represented by a 
pairing of projections Pq,P\ in Wl k (A^ n ^) for some k > such that Po — Pi is 
compactly supported. (By Tt^fA^n we mean the algebra of k x fc-matrices with 
coefficient in «4tW'.) The set of all such pairs of projections forms a semi-group. It 
is proved in |Fe95, 6.1] that modulo stabilization this semi-group is isomorphic to 
the K-group of M. Now let (p be a (b + B)-cocycle of A^'' which has degree 2k. 
Then the pairing between <p = (<pQ, ■ ■ ■ , <p 2 k) and e = (Pi, P 2 ) a representative of a 
i<C-group element of A^ 1 '' is defined as 

(4>,e) := (frPy) -{<!>,&). 



4.2. Quantization twisted by a vector bundle. In the following, we explain how 
to reduce the computation of the above pairing to the trivial case that e = 1 in 
AW). Define p\ = Pi|s=o and p 2 = P 2 |f != o- Since Pi* Pi = Pi and P2 * P2 = 
P2, the matrices pi and p 2 are projections in 9Jt„ (C°°(M)) and therefore define 
vector bundles V\ and V 2 on M. Furthermore, V\ and V 2 are isomorphic outside a 
compact of M. 

Following IFE95 J, we can twist the quantum algebra A tl by the bundles V\ and 
V 2 . We consider the twisted Weyl algebra bundles Wr = W <S> End(Vi) and 
Wy, = W ® End(V 2 ). Fixing connections Vi and V2 on resp. V2, we obtain 
connections V Vl = V®l + l<g)Vi and Vy 2 = V<g)l + l®V 2 on Wv 1 resp. Wy 2 . 
FEDOSOV proved in IFE95I that there are flat connections D Vl = Vy 1 + \ [A Vl , -] 
and Dy 2 = Vy 2 + \[Ay 2 , — ] on Wy 1 resp. Wy 2 such that the algebra of flat sec- 
tions forms a deformation quantization twisted by v\ resp. V 2 . The corresponding 

deformation quantization sheaf is denoted by Ay resp. Ay . 

Observe that the cocycle (to, ■ ■ ■ , T2„) on W^° ly can be extended to the algebra 

W Poly,V . = W Poly g End (y) for 

any finite dimensional vector space V by putting 



T 2k(( a ® M ) <g> • • • <g) (fl 2 )c ® M 2 /t)) := t(a ® • • • ® «2fc) tr(M Mi ■ ■ ■ M 2 jt). 



CYCLIC COCYCLES ON DEFORMATION QUANTIZATIONS 19 

As in the proof of Corollary 12.81 one checks that (Tq , ■ ■ ■ , r 2 v n ) is a (b + B)-cocycle 
on W* 7 Hence we can extend Def. |3.5l to define twisted YL. ^ for j = 1,2 by 

Y V,-,2)t ( fl ® ■ ■ ■ ® «2*-i) = 

= T 2fc(( fl ® ■ ■ ■ ® a 2k-i) X {A Vj )i), 

where oq, ■ ■ ■ , a^k-i are germs of smooth sections of Wy. at x. Moreover, we define 
sheaf morphisms Xyf '■ ^'m(W) ~ * ^ 2 (Ay^) by setting over U C M open 

/tv3u( a )(«o® ■■■®«i-2/) := / «A^_ 2 (dd(i)-8a j _2i(i)) < 

where a e n'(U)((ft)) and where «0/ ■ ■ ■ , a 2k~i G ^y^U^) are sec h° ns OI the 
twisted deformation quantization sheaf with compact support in U. Like in Sec- 
tion !3.3l we then obtain S-quasi-isomorphisms of mixed sheaf complexes 

Q v . : (TofBCl' M ((h)),d) -> (TofBe , (^ fi)) ),fc+B), / = 1,2. 

Over global sections, Qy. then induces an S-quasi-isomorphism 

Qvj : {TofBn'(M)((h)),d) - (Tof BC'(A { ^l),b + B). 

Generalizing IIChDoI Thm. 3], we have the following proposition: 

Proposition 4.1. For any a closed differential a 6 Tot* BCl'(M) ((h)) and projections 
Pi and P2 ofA^'' with P\ — P2 compactly supported, one has 

(Q(*),Pi - P 2 > = (Q Vl (*),l> - (Qv 2 (*),l>. 
Proof. The proof of HChDoI Thm. 3] appl ies verbatim. □ 

4.3. Lie algebra cohomology. In the following paragraphs, we use Lie algebra 
cohomology to determine the pairing (Qy(a),l) locally for a vector bundle V 
on M. By definition, the pairing (Qy(#),l) for an element a = (ag, ■ ■ ■ ,&2k) G 
Tot 2k BCL*(M)((h)) is equal to 

1 2Jfc-2/-2», \ , 

E ^ 2fc - 2 ' ( ^- 2i) ' 1 

l Z7t V J-J l<k,j<k-l 

_ 1 r (-l)*-H(2fc-2t-2/)! y Y 2„-2fc+2/ ri „ ^ 

(27rV-l) n i<ic,j<k-i {k-l-]) 1 j m ' 

Now observe that Y^^hr(l ® ■ ■ ■ ® 1) vanishes when j < k — I since T2n-2j is a 
normalized cochain. Hence 

«M«)<1> = E (2 Jzi)» //^^S&f^ 

E — ^=-- / «a a y 2 v 2 ' ,,(i). 



7=0 
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These considerations show that for the computation of the pairing between an el- 
ement a 6 Tot* BCl'(M)((h)) and a class in Ko (-4^))) it is sufficient to determine 
Y^!i 2l (l)foraU/<n. 

To achieve this goal we will apply methods from Lie algebra cohomology, namely 
the Chern-Weil homomorphism. To this end let us first review the standard map 
from the Hochschild cochain complex to the corresponding Lie algebra cochain 
complex, which can be found in ILoL 

Let A be a unital algebra. Consider Lie algebra qI^(A) of N x N-matrices with 
coefficients in A. There is a chain map <f>jj from the Hochschild cochain complex 
C'(A) to the Lie algebra cochain complex C (qI n (A);q[ n (A)*): 

4> N (c) ((Mi <g> «i) <g> ■ ■ ■ <8> (Mjt <8> a k )) (Mi ® a\) 
(4 ' 2) = E sgn(cr)c(flo ® a a( i) ® ■ ■ ■ ® a a(k) ) tr(M M (r(1) ■ ■ ■ M^)). 

We define 0y /N , 2)c to be </> N «) e C 2fc ( [ N (W^); fll N (W&)*). It is easy to check 
that Y^ 2fc (l) = (I) 2 " -2 " I5 _1^0 V> _ 2 ,(A A ■ ■ ■ A A)(l). 

Proposition 4.2. For any k < n, ©v,N,2kW zs a cocycle in the relative Lie algebra 
cohomology complex C 2k (gt^W^) , qI n © gl v © sp 2n ) and satisfies 

©V,2n(Pl A?iA---Ap„A q„) = Ndim(V). 

Proof. Since 1 is in the center of WJl, we have the following equation 

9ue((©v^j*)(l)) = M©y,N,2fc)(l)- 
On the right hand side of the above equation, &v,N,2k is viewed as a Lie algebra 
cochain in C 2 * c (g[N(Wj fl );0[ N (W^ ! )*). Furthermore, since cf> N is a morphism of 
cochain complexes, we have that due®v,N,2k(l) — ^u e ^ N {^2k) = ^ N (^( T 2fc))- Since 
(T y , ■ ■ ■ ,T% n ) isa (b + B)-cocycle,wehaveb(T 2 ^) = -B(r^ k+2 ) and9 Ue ©v,N,2)t(l) = 
-^ n (B(t 2 ^ +2 ))(1). Now we compute 

<^ N (B(T y +2 ))(l) ((«! © Mi) © ■ ■ ■ © (a 2)t+ i © Mat+i)) 

= E s g n (^) B ( T 2^+2)( 1 ®Ml) '''®M2it+l))- tr ( M C r(l)--- M ^(2)c+l)) 

= E E s S n ( (7 ) T 2w( 1 ® ^(>) ® ■ ■ ■ ® ^(21+1) ® 1 ® fl <r(l) ® ' ' ' ® 

■ h (M £r( i ) ■ ■ ■ M £r(2fc+1) ) = 0. 

One concludes that 0y, N/2jt (l) is a closed 2fc-cocycle in C 2,c (g[ N (W y );C((7z))). 
Since t 2 j. is a normalized cochain, one can easily check that 0y n 2/c is m fact a 
cocycle relative to the Lie subalgebra gl N © qI v of g[jv(W 2 ' J! ). The fact that &v,N,2k 
is a cocycle relative to sp 2 „ is a corollary of Proposition 12.101 Thus the claim is 
proven. □ 

4.4. Local Riemann-Roch theorem. In this subsection, we use Chern-Weil the- 
ory to compute the Lie algebra cocycle &v,N,2h usm g the strategy in the proof of 
[FeFeSh] Thm. 5.1]. 



CYCLIC COCYCLES ON DEFORMATION QUANTIZATIONS 



21 



We start with recalling the construction of the Chern-Weil homomorphism. Let 
g be a Lie algebra and t) a Lie subalgebra with an f)-invariant projection pr : g — ► f). 
The curvature C 6 Hom(A 2 g, t)) of pr is defined by 

C(uAv) := [pr(w),pr(V)] -pr([w,i?]). 

Let (S't)*) 1 ' be the algebra of f)-invariant polynomials on f) graded by polynomial 
degree. Define the homomorphism p : (S*f)*) f| — > C 2, (g, f)) by 

p(P)(flA---Al>2,) = ^ E WHCtPW M$>'~ ' C ( p <r(29-1)' M2?)))- 

<r(2i-l)«r(2i) 

The right hand side of this equation defines a cocycle, and the induced map in 
cohomology p : (S*f)*) 1 ' — > H 2 *(g, t)) is independent of the choice of the projection 
pr. This is the Chern-Weil homomorphism. 

In our case, we consider g = g l N ( ) and t) = g l N © g I v © sp 2 „ ■ The projection 
pr : g — > f) is defined by 

pr (Mi ® M 2 © fl) := 

:= laoMAW + 5 -L 7yfl0 tr(M 1 )M 2 + t r( Ml © M 2 )« 2 , 

where fly is the component of a homogeneous of degree j in y, Mj £ gl^, and 
M 2 6 g[y. The essential point about the Chern-Weil homomorphism in this case is 
contained in the following result. 

Proposition 4.3. For N»n and q < Ik, the Chern-Weil homomorphism 

p : (S*f>*)* H 2 *(g,t>) 

is an isomorphism. 

Proof. The proof of this result goes along the same lines as the proof of Proposition 
4.2 in (FeFeSh). □ 

Recall the following invariant polynomials on the Lie algebras gl^ and sp 2 „: 
First on g we have the Chern character 

Ch(X) := tr (exp X) , f or X G g[ N . 

On sp 2 „, we have the A-genus: 

A(Y):=det (iin^) 1/2 ' fOTyeSp - 
We will need the rescaled version A% (Y) :— A(hY). With this, we can now state: 
Theorem 4.4. In H 2k (gl N (W% n ),gl N © gl v © sp 2f! ) we have the identity 

[®V,N,2k] = p((A n Ch v Ch) k ) 

fork <n and N > 0. 

Proof. When k = n the equality is proved in [FeFeSh, Thm. 5.1]. Actually, one can 
literally repeat the constructions and arguments in the proof of | FeFeSh , Thm. 5.1] 
for all A; < n. We remark that we have different sign convention with respect to 
HFeFeShI Thm. 5.1] due to the change of sign in the cocycle t 2 „, cf . Remark |2.3l □ 
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4.5. Higher algebraic index theorem. In this section, we use Theorem l4.4l to com- 
pute the pairing (Q(«), Pi — P 2 ). 

Theorem 4.5. For a sequence of closed forms a = (cto,- ■ ■ ,«2)c) G Tot 2 ' 1 ' BC1'(M) ((h)) 
and two projectors P\, P 2 in A^ n ^ with Pi — P 2 compactly supported, one has 

(Q(ft),P!-P 2 ) = £ 1 / a 2l AA(M)Ch(V 1 -V 2 )exp(- " ), 

" (27TV— lj' v 27TV— l« y 

w/iere and V 2 are vector bundles on M determined by the zero-th order terms ofPj and 
Pi- 

Proof. According to Proposition EJ (Q(a),Pi - P 2 ) = (Q Vl (a),l) - (Qy 2 (a),l). 
Furthermore, by the arguments at the beginning of Section l4~3l (Qy. (a), 1), i = 1, 2 
is given by 

Moreover, recall that Y^^l) is equal to {2n J ly ^-, ®V,2n-2l(A A ■ ■ ■ A A)(l). 

Note that the direct sum with trivial bundles does not change the value of the pair- 
ing. Therefore, we can add a large enough trivial bundle to both V\ and V 2 so that 
we can apply Theorem l4.4l to compute ©y, 2n -2i- F° r vector fields £ 2 n- 2 / on 

M we have 

©y,N,2n-2/(l)(^ A ■ ■ ■ A) (ft, ■ ■ ■ , £ 2n _ 2/ ) = 

= (2n-2/)!p((^ChyCh) 2 „_ 2 0(A(^) A • • • A A(£ 2 „_ 2/ )) 
(2n-2Q! ^ 

^ l >- a(2j-l)<a(2j) 
P 2n -2/(C(A(^ (1) ),A(^ (2) )),- ■ ■ ,C(A(^ (2n _ 2; _ 1) ),A(^ (2 „_ 2;) ))), 

where P 2(i _ 2/ = (A» Chy Ch)„_; E (S""^)*^. By |FeFeShJ Thm. 5.2], for two 
any vector fields f , 7/ on M, C(A(^),A(^)) is equal to Ry(£,7/) +R(^,rj) - Cl(£,r]), 
where R (and Ry) is the lifting of the curvature of the bundle TM (and V) and Cl 
is the curvature for the Fedosov connection. Therefore, we have 

®V,N,2n-2lW(A/\- •• A) ■ ,£ 2 „_ 2/ ) 

=(2n - 2/)!p(P 2 „_ 2; )((Py + R - n) 2 *" 2 '). 

Replacing Y^i^l) by — © V/N<a in EquationgSl we obtain 

(Q Vl (a) -Qv 2 (*),!> 
= E ,~ V-rw / « 2 ;AA(M)Ch(y 1 -y 2 )exp(- " - ). 

This completes the proof. □ 
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5. Generalization to orbifolds 

In this section we show how the previous constructions can be generalized to 
orbifolds. The result is an algebraic index theorem for (b + B)-cocycles on certain 
formal deformations of proper etale groupoids, which in turns generalizes the in- 
dex formula for traces in IPfPoTaI . 

5.1. Preliminaries. Let (M, to) be a symplectic orbifold, i.e., a paracompact Haus- 
dorff space locally modeled on a quotient of an open subset of R 2 ", equipped with 
the standard symplectic form, by a finite subgroup T C Sp(2n, R). As an abstract 
notion of an atlas, we fix a proper etale groupoid Gi =4 Go with the property that 
Go/Gi = M, and Go is equipped with a G-invariant symplectic form to. Denot- 
ing the two structure maps of the groupoid by s, t : G\ — > Go, this means that 
s*o; = t*co. Remark that for any symplectic orbifold, such a groupoid always ex- 
ists and is unique up to Morita equivalence. Associated to the groupoid G is its 
convolution algebra ^xG:= C~ t (Gi) with product given by convolution: 

(/i*/ 2 )(g):= E AteO/ato where/ 1/ / 2 GC~(G 1 )andgeG 1 . 

glS2=g 

The symplectic structure on G equips A x G with a noncommutative Poisson struc- 
ture, that is, a degree 2 Hochschild cocycle whose Gerstenhaber bracket with itself 
is a coboundary. Let A h be a G-invariant deformation quantization of (Go, co), for 
example given by Fedosov's method, using an invariant connection as is explained 
in | Fe02 |. This means that A* 1 forms a G-sheaf of algebras over Go, and we can take 
the crossed product A Tl x G := r cpl (Gi,s _1 yl ?i ) with algebra structure 

[a 1 * c a 2 ] g = E ([«l]ft^2)N&/ forfli,fl 2 e s~ 1 A h (G 1 ) andg e Gj. 

glg2=g 

This is a noncommutative algebra deforming the convolution algebra of the un- 
derlying groupoid. 

In UNePfPoTaI , the cyclic cohomology of A^" x G was computed to be given 

by 

(5.1) HC*(^W)xG) =0H— 2r (M,C((h))), 

where M is the so-called inertia orbifold which we will now describe. Introduce 
the "space of loops" £>( ' given by 

B(°) := {g G d | s(g) = t(g)}- 

In the sequel, we denote by Cg the local embedding obtained as the composition 
of the canonical embedding £>(°) > Gi with the source map s. If no confusion can 
arise, we also denote the embedding > Gi by ctq. The groupoid G acts on 

Be 5 ) and the associate action groupoid AG := x G turns out to be proper and 
etale as well. It therefore models another orbifold M := B^/G called the inertia 
orbifold. 

As done in the previous sections for smooth manifolds, we will lift the isomor- 
phism ll5.ll to a morphism of cochain complexes where on one side we have a 
complex of differential forms and on the other side Connes' (b, B) -complex. There 
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are two natural choices for a de Rham-type of complex that computes the coho- 
mology of M. One is to use a simplicial resolution of B 1 - ' given by the so-called 
"higher Burghelea spaces" B/ c and the associated simplicial de Rham complex. The 
other one, and this is the complex we use, is to use G-invariant differential forms 
on B^ ). The fact that the two models compute the same cohomology is true be- 
cause G is a proper groupoid. 

It was observed in ICrI that AG is a so-called cyclic groupoid, that is, comes 
equipped with a canonical nontrivial section 6 : B^ — ► AG^ of both source and 
target map. In this case 6 is given by 6(g) = g, g 6 B^. As a consequence of 
this, when we pull-back the sheaf A h to B@\ it comes equipped with a canonical 
section 

As we have seen, for a smooth symplectic manifold, the local model for a defor- 
mation quantization was given by the Weyl algebra. In this case, it is given by the 
Weyl algebra together with an automorphism. 

5.2. Adding an automorphism to the Weyl algebra. As remarked in ij2.ll the 
symplectic group Sp(2n,R) acts on the Weyl algebra W^° ly by automorphisms. 
Let us fix an element 7 6 Sp(2n, R) of finite order. It induces a decomposition 
of V = R 2 " into two components, V = V 1 - ® V 7 , where V 7 is the subspace of 
fixed points. Since 7 is a linear symplectic transformation, this decomposition is 
symplectic, and we put I := dim(V J -)/2. Adding the automorphism 7 to the 
definition of cyclic cohomology has quite an effect in the sense that we now have 



Proposition 5.1. The twisted cyclic cohomology of the Weyl algebra is given by 

'C[h,h~ x \, ifk = 2n-2l + 2p,p>0 
0, else. 



HC^(Wj) 



We will now give an explicit generator for the nonzero class in cyclic cohomol- 
ogy. Let A and A be algebras over a field k, possibly equipped with automor- 
phisms 7 6 Aut(A) and 7 6 Aut(A). The Alexander- Whitney map defines a 
cochain map 

# : C(A) ® C*(A) -> C*(A ® A), 

where the Hochschild differentials are twisted by resp. 7, 7 and 707. According 
to the Eilenberg-Zilber theorem, this is in fact a quasi-isomorphism. The cyclic 
version of this theorem, cf. [Lo, §4.3], states that the map above can be completed 
to a quasi-isomorphism of the cochain complexes Tot* BC° . Below we will only be 
interested in the case where one of the two cochains is of degree 0, that means a 
twisted trace. Recall that a 7-twisted trace on A is a linear functional tr^ : A — > k 
satisfying 

(5.2) tr^(fli«2) — ^7(7(^2)^1) for all 5i, «2 S A. 

Lemma 5.2. Let ip = (tpo, . . . , ipjk) £ Tot 2/: BC'(A) be a j-tivisted (b + B)-cocycle on 
A and tr a j-twisted trace on A. Then the cochain 

tp#ti = (tftj#tr / ... / tp 2 jfc#tr) 

is a 7 (g) j-twisted cocycle of degree 2k in Tot* BC*(A <g) A). 
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Proof. Explicit computation. □ 

In our case, we have W 2 ° ly = W^' 7 <8> ^2«-2/ according to the decomposition 
V = V 1 - © V 1 of the underlying symplectic vector space. Notice that by definition, 
the automorphism 7 6 Sp 2(! is trivial on 

W 2»-2/- Therefore we can simply use the 
cyclic cocycle (tq, . . . , t 2 „_ 2 /) of degree 2n — 21 on this part of the tensor product. 
On the transversal part, i.e., associated to V 1 - = R 2 ' we use the twisted trace 
tr 7 : W^ ly — > C[h, ft -1 ] constructed by Fedosov in |Fe02J: For this, we choose a 
7-invariant complex structure on V x , identifying V 1 - = C' so that 7 £ U(Z). The 
inverse Caley transform 

cM = TTr 

is an anti-hermitian matrix, i.e., c(y)* = —c(j). With this, define 

tr 7 (a) := m U*r\l - 7- 1 ) exp ^(7^)'^^) a) , 

where c ( 7 ~~ 1 ) 'I is the inverse matrix of c ( 7~ 1 ) and where we sum over the repeated 
indices i,j = 1, . . . , Z. It is proved in HFE021 Thm. 1.1], that this functional is a 7- 
twisted trace density, i.e., satisfies equation (|5.2l l. Clearly, tr 7 (l) = det -1 (1 — 7 _1 ), 
so the cohomology class of tr 7 is independent of the chosen polarization. With this 
we have: 

Proposition 5.3. Let 7 £ Sp(2«,R). Then the#-product 

(T #tr 7 T 2 „_ 2; #tr 7 ) £ Tot 2 "- 21 BC*(W^) 

defines a nontrivial ^-twisted cocycle of degree 2n — 21 on the Weyl algebra. 

5.3. Cyclic cocycles on formal deformations of proper etale groupoids. In this 
section we will show how to use the twisted (b + B) -cocycle of the previous sec- 
tion to construct arbitrary (b + B) -cocycles on formal deformations of proper etale 
groupoids. Consider again the Burghelea space B^°\ Generically, this space will 
not be connected, and has components of different dimensions. Introduce the lo- 
cally constant function I : £>(°) — > N by putting £(g) equal to half the codimension 
of the fixed point set of g in a local orbifold chart. 

Definition 5.4. Define % k £ CV{B^) <g> c «, (B(0)) ((c^W)®^- 2 ^ 1 ))* by 
Y 2Jt (fl <8> . . . <g> a lk _ 2i _i) := 

J T 2k-2e(( a o ® ... ® a 2 k-ii-i) x i^o A )i)- 

Hereby, W is the Weyl algebra bundle on Go for the G-invariant Fedosov defor- 
mation quantization A is the corresponding connection 1-form on Go, and 
«0, • ■ - ,^2k-2l-i are germs of smooth sections of o~qW at a point g £ B^°\ Notice 
that as a cochain on o~q W, the degree of YL varies over the connected components 
of £>(°) according to the function I introduced above. 

Proposition 5.5. The Y 2jt are G-equivariant and satisfy the equalities 

(-l)W 2 ^=Y 2fc oZ, +Y 2fc+2 oB . 
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Proof. Since the Fedosov connection on Go is assumed to be G-invariant, is 
easily checked to be G-equivariant. We observe that bg(o-QA)k = b(a^ A)jt and 
Bg(o-Q A)^ = B(ctq*A)/ c on Go- The proof of the equality follows the same lines as 
the proof of its untwisted version Proposition 1 3. 6 1 □ 

Remark 5.6. In particular, for g 6 B^°\ i = 2n — 2£(g) and k — n, we find that 
over each connected neighborhood of g £ 

Thus the form is a "twisted trace density" in the notation of IPfPoTaI 

Def. 2.1]. In fact unraveling the definitions, the identity above is exactly IPf PoTaI 
Prop. 4.2]. 

Definition 5.7. For 2r < z, define sheaf morphisms 
by the formula 

4u 2r ( a )( fl 0/- • -,<H-2r) ■= J « A Yln-2r~'(°'0 la 0>- • • > ^ X <H-2r) > 

where !i C B (0 > is open, a £ Q'(!J)((?i)), and a , . . . , a 2 it-2r e r cpt (crM( (?i) )). 
Together these morphisms define sheaf morphisms 

: n^ (0) ((ft)) - Tot'Be'K^^)), * f := £ ^r 2 ''- 

2r<i 

By an argument similar to the untwisted case we obtain 

Theorem 5.8. The morphism x* is a morphism of sheaves ofcochain complexes, i.e., 

for all a 6 D,*(U) and U C B, open. 

With this we can now define an S-morphism of mixed G-sheaf complexes over the 
inertia orbifold M as follows: 

Q< : Tot^n' (0) ((ft)) = n^((ft)) - Tot 1 Be'(A^) 

2r<i 

by 

\ 

2r<i \^nyJ—L) 2 r<i 

Forming global invariant sections we finally obtain the S-morphism 

Q : Tot ! 'Bn'(M)((ft)) = Cf- 2r {M){{h)) -» Tot'' BC*(.4« ft » x G). 

2r<i 

Proposition 5.9. T/ze map Q z's an S-quasi-isomorphism establishing the isomorphism 

<£3). 



CYCLIC COCYCLES ON DEFORMATION QUANTIZATIONS 



27 



5.4. Twisting by vector bundles. It is our aim to compute the pairing of the co- 
cycles in Connes' (b + B) -complex obtained by the map Q above with K- theory 
classes on _A(w) x G. Let us first explain how orbifold vector bundles define el- 
ements in Kq^A-W" x G). Recall that an orbifold vector bundle is a vector bun- 
dle V — > Go together with an action of G. Taking formal differences of isomor- 
phism classes, these define the orbifold X-group K® lb (M). An orbifold vector 
bundle defines a projective A x G-module r cpt (Go, V), where / 6 C~ t (Gi) acts on 

I er cpt (G ,i/)by 

(/•£)(*)= E f(g)tt"(g))> forxeGo. 

On the other hand, X-theory is stable under formal deformations, which means 
that 

K {A h xG)^K (AxG) l 
where the isomorphism is induced by taking the zero'th order term of a projector 
in a matrix algebra over A* 1 x G. Altogether, we have defined a map 

< b (M) - K Q (A h x G). 

It therefore makes sense to pair our cyclic cocycles with formal differences of 
isomorphism classes of vector bundles. To compute this pairing we again use 
quantization with values in the vector bundle to extend our cyclic cocycles. For 
this, notice that when we pull-back an orbifold vector bundle V — > Go to B^°\ 
the cyclic structure 6 acts on CqV. We therefore consider the algebra W£° ly ' = 
<E> End(V) equipped with the automorphism 7 acting both via Sp(2n) on 
W!^ and on the second factor by an element in End(V), also denoted by 7. This 
leads to cochains 

t^' 7 (K ® Mo) ® • • • ® («2fc ® Ma)) := t 7 (a ® • • • ® « 2 fc) try(7M ■ ■ ■ A%). 
for < k < In — 21. Together these cochains constitute a 7-twisted (b + B)-cocycle 
(T y ' 7 ,T 2 y ' 7 , . . .,T^l 2l ) e Tot 2 "~ 2/ BC'(W£). With this, one generalizes the defi- 
nition of YL, x» an d Q* in the obvious manner to xv,i an d Q'y 

Proposition 5.10. Let a = (olq, . . ., a.2k) G Tot 2<: £>0/(M) be a c/osed differential form, 
and P\ and P2 projection in the matrix algebras over >4.(w) x G iMt/z Pi — P2 compactly 
supported on M. Then we have 

(Q(«), P Vl - Py 2 ) = (Qvi (a) - Qvi(a), 1) 

Here the function m : M — > N z's f/ze locally constant function which coincides for each 
sector O c B(°) anfft mp, f/?e order 0/ f/ie isotopy group of the principal stratum of 
O/G C M. 

Proof. The first equality is just as in Prop. l4~Tl For the second, again observe that 
the twisted cyclic cocycles are normalized, so we can throw away all terms that 
contain more than one 1. Finally, the reduction to an integral over M is as in 
HPfPoTaI Prop. 4.41. □ 



28 



M.J. PFLAUM, H. POSTHUMA, AND X. TANG 



5.5. A twisted Riemann-Roch theorem. By the previous proposition, it remains 
to evaluate Y^f^l), which is of course done by interpreting it as a cocycle in 
Lie algebra cohomology. Define the inclusion of Lie algebras f) C g by setting 

:= I N (W^ 7 ), f) :=Ql N ®Ql v ®spJ n , 

where the superscript 7 means taking 7-invariants. We will now construct Lie al- 
gebra cocycles of g relative to f) in C* (g; f)) as follows. First the standard morphism 
from Hochschild cochains to Lie algebra cochains, cf . Eq. 114.21 1, is still a morphism 
of cochain complexes when we twist the differentials: 

<p N : (c'(OT N (w 2 „),src N (w 2n )*) ; & 7 ) (c , ( S [ N (w 2 „),M N (w 2 „)*) / a Lie , T ). 

Here the twisted Lie algebra cochain complex is as defined in IIPfPoTaI §4.1.]. 
Second, evaluation at 1 G 9Jl„ (W 2n ) induces a morphism 

evi : {C'(Ql N (Wl),M N (W 2n )*),d Ue/7 ) -> (C( fl ,C((ft)),due). 

Notice that this is only a morphism of cochain complexes when restricted to the 7- 
invariant part of g[^(W^ J ), because the evaluation morphism above only respects 
the module structure of this sub-Lie algebra. With this we now have: 

Proposition 5.11. For k < nthe cochain 

n 

is a Lie algebra cocycle relative to f), which means d Lie Oy'J k = 0. 
With this we have 

= (I) {2n _ Y t _ 2r)[ & vin^2M A ■■■ A A) (1) 

To explicitly compute the class [©y'JJ 6 H 2k (Q; t),C((h))), we use the Chern-Weil 
homomorphism 

p:(sV) b -H 2fc ( ;f )/ C((fi))) / 

which, by IPf PoTaI Prop. 5.1], is again an isomorphism for k < n — I and N S> n 
as in the untwisted case, cf. Prop. l4~3l Let us now describe the ingredients of the 
unique polynomial in S k i)* that is defined by ©y'lk' ^ or * n * s we s pli* 

f) = Sp 2 „_ 2 ^ ® Sp 7 ® Qly © Ql N , 

and write X = (Xj, X 2 , X3, X4) for an element in f). Define 

(4/ 7 Chy /7 Ch)(X) := A ri (X 1 )/ 7 (X 2 )Ch y , 7 (?zX3)Ch(X4), 

where Ch and Aft are as before, Chy 7 is the Chern character twisted by 7. Con- 
cretely, this means Chy /7 (Xs) = try(7exp(X3)). Finally, / 7 is defined by 

co 1 

/ 7 (X 2 ) :=£-tr 7 (X 2 *---*X 2 ), 

t=o l - " ' 

I 

where we use the embedding of sp2» C sp 2 „ as degree two polynomials in the 
Weyl algebra. Strictly speaking, this is not an element of S* (()* ) ^ , but we will only 
need a finite number of terms in the expansion in the theorem below. In fact, in 
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the application to the higher index theorem, the specific element X2 turns out to 
be pro-nilpotent. 

Theorem 5.12. In H 2k (Q; f)) we have the equality 

[©S=p((4/ T Ch y , 7 Ch) fc ). 
Proof. Given Theorem|HJ this follows as in IIPfPoTaI Thm. 5.3]. □ 

5.6. The higher index theorem for proper etale groupoids. We finally arrive at 
our main result. To state it properly, we need to introduce a few characteristic 
classes. Let V be an orbifold vector bundle. Using the cyclic structure 6, we can 
twist the Chern character of the pull-back c^ 1 V to define Chg((~ 1 V) by 

Chfl(/-V) := tr (flexp ( R] L- )) G H ev (M) 



2n\ 

where Ry denotes the curvature of a connection on V. Denote by N, the normal 
bundle over £>(°) coming from the embedding into G\. It is easy to see that the 
element 

it 

Ch e (A_ a N) := £(-l)'Ch e (A'N) e Jf-(M), 

i=0 

is invertible. If we use to denote the curvature on N, then 

2t Dl 

£(-iyChe(A*N) = det(l - 6- 1 e xp(-— =)). 



<=0 27TV-, 

With this observation, we can now state: 

Theorem 5.13. Let a = («2jt/' ' ' / a o) G Tot 2 ^ BCl° (M) ((h)) be a sequence of closed 
forms on the inertia orbifold, and P\, P2 be two projectors in the matrix algebra over «4.(w) 
with P\ — P2 compactly supported. Then we have 

/. , 1 a 2j AA(M) Ch e (i*V x -i*V z ) exp(-^g 5 ) 



(Q(a) ' Pl " Pl) = fete (InV^lVm CM^-iN) 

where V\ and V2 are the orbifold vector bundles on M determined by the zero-th order 
terms of P\ and P 2 , and m is a local constant function defined by the order of the isotopy 
group of the principal stratum of a sector O/G C M. 

6. The Higher analytic index theorem on manifolds 

The higher algebraic index theorems proved in Section [4] gives us the means 
to derive Connes-Moscovici's higher index theorem in a deformation theoretic 
framework. To this end we first recall Alexander-Spanier cohomology which is 
needed to define a higher analytic index for elliptic operators on manifolds and 
then determine the cyclic Alexander-Spanier cohomology. An 7i-dependent sym- 
bol calculus for pseudodifferential operators gives rise to a deformation quantiza- 
tion on the cotangent bundle. This together with the computation of the cyclic 
Alexander-Spanier cohomology enable us to relate the analytic with the alge- 
braic higher index. The higher algebraic index theorems can then be derived from 
Thm.r 
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6.1. Alexander-Spanier cohomology. Assume to be given a smooth manifold M. 
Like in App. IA.2l denote by k one of the commutative rings R, R[[ft]] and R((ft)), 
and let O m ^ be one of the sheaves C^, C^[[h]] and C^((fi)), respectively. In other 
words, OM,k{U) := C°°(lT)(8>k with U C M open consists of all smooth functions 
on !i with values in k. If no confusion can arise, we shortly write O instead of 

Ojji. For k 6 N denote by the completed exterior tensor product sheaf 
which is a sheaf on M k and which is defined by the property 

0^ k {U\ X • • • x 14) S 0(U a )(§) ■ ■ ■ ®(9(14) for all U t , ■ ■ ■ , U k C M open, 

where <§) means the completed bornological tensor product. Put now C* S (C) := 
A| +1 (C Sfc+1 ) and define sheaf maps 5 : ^(O) -» G k AS (0) as follows. First 
observe that 

e k AS (0)(U) £= / J(A fc+1 (U), L7 t+1 ), 

where v j(A^ + i(U), lf fc+1 ) denotes the ideal of sections of Q Sk+1 over which 

vanish on the diagonal A /f+1 (U). Thendefine^/ G £> a * +1 (ll* +1 ) for/ G ©^(LT*) 
by the formula 

Sf=j^(-l) i S l f t where 

!=0 

^/(^0/- • -/^fc+i) = f(x ,...,Xi-i,Xi+x,...,x k+ i), x ,...,x k+1 G LT. 
Additionally, put 

i=0 

By construction, Sf and J'/ lie in J(A k+2 {U), U k+2 ), if / G j(A fc+1 ((J), U^ 1 ). 
Hence one can pass to the quotients and obtains maps 

*:<^0)(lO^ek(O)(U) and 7 : ^(OJClZ) - e*s(0)(lT) 
which are the components of sheaf maps. Since S 2 = (S') 2 = 0, we have two sheaf 
cochain complexes (e' AS (0),S) and (e* s (C),/). Denote by Q s (0) := r(M,e* s (C)) 
the complex of global sections with differential given by S. This is the Alexander- 
Spanier cochain complex of O. Its cohomology is denoted by H' s (0) and called 
the Alexander-Spanier cohomology of O. In the particular case, where k = R and 
O — C^, one recovers the Alexander-Spanier cohomology H* S (M) of M. 

Proposition 6.1. Let i : k — > C^ls(0) fre f/ie canonical embedding of the locally constant 
sheaf k into G AS (O). Then 

k±e AS (O)le{ s (O)l...le k AS (o)l 

is a fine resolution of the locally constant sheaf 'k. Moreover, (C* s ((9), <5 ) is contractible. 

Proof. Obviously, each of the sheaves G AS (0) is fine. So it remains to show that for 
each x G M the sequence of stalks 

o^k^e AS (o) x l...le k AS (o) x l... 
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is exact. To this end note first that the stalk Q AS {0) X is given as the inductive limit 
of quotients 0^ k+1 ^ (U k+1 ) /j(A k+1 (U), U k+1 ), where (J runs through the open 
neighborhoods of x. Define now for teN so-called extra degeneracy maps 

s k . ®(k+2) ^ Hk+l) f „ f( Xf and 

Additionally put 

Then one checks immediately that 

(6.1) s k+1 S + Ss k =id forallfceN and s° x 5 + L£ = id. 

This proves the first claim. For the proof of the second it suffices to verify that 

(6.2) s k+1 ' k 5° = id and s k+ W = ^W" 1 , 
since then 

s k+U S ' + § > s Kk-l = id for aU k e N * and s l,(y = id _ 

But Eq. I|6.2t is obtained by straightforward computation, and the proposition fol- 
lows. □ 

Remark 6.2. By the preceding result the Alexander-Spanier cohomology has to 
coincide both with the Cech cohomology of the locally constant sheaf k and the de 
Rham cohomology of M with values in k (cf. ISpIICoMoIO . Let us sketch the con- 
struction of the corresponding quasi-isomorphisms. To this end choose an open 
covering U of M and a subordinate smooth partition of unity ((pu)ueU- Consider 
a Cech cochain c = [cuq,...,^) (Uq u k )eN k {U) wml values in the ring k, where 

M k {U) ■- {(U , ...,Uk)& U k+X | tf n . . . n U k £ 0} 

is the nerve of the covering. Associate to c the Alexander-Spanier cochain 

Pu (c)(x 0/ ...,x k ) = c u ...u k <Pu (xo)- ■■■■<Pu k {xk)- 
u ...u k 

One checks easily that the resulting map pu : C^(M,k) — > C* S (C) is a chain 
map. Moreover, if IA is a good covering, i.e. if it is locally finite and if the in- 
tersection of each finite family of elements of U is contractible, then pu is even a 
quasi-isomorphism. To define a quasi-isomorphism A : C* s ((9) — > G*(M,k) first 
choose a complete riemannian metric on M, and denote by exp the corresponding 

exponential function. For / e £> a ( ,c+1 ) (M k+1 ), x e M and v x ,...,v k G T X M then 
put 

X(f) x (v x ,...,v k ) := 

1 3 3 

= 7T E s g n (^)^----^-/(^ ex Px( s i^(i))'---' ex Px( s ^w))ls ; =o- 

' creSk 1 k 

Clearly, this defines a k-valued smooth A:-form A(/), which vanishes, if one has 
/ 6 J (A k+1 (M),M k+1 ). Moreover, one checks easily that A£(/) = dX(f). By 
passing to the quotient Ci s (M) = & ( k+1 \M l+1 ) / J (A k+1 (M), M k+1 ) we thus 
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obtain the desired chain map which is denoted by A. By IICoMol , A is a quasi- 
isomorphism. 

Remark 6.3. For later purposes let us present here another representation of Ale- 
xander-Spanier cochains in case O is the sheaf of smooth functions on M. This 
representation allows also for a dualization, i.e. the construction of Alexander- 
Spanier homology groups. To this end consider an open covering U of M, and 
denote by U k the neighborhood UueW U k of the diagonal A/ C (M) in M k . Then put 

(6.3) C AS (M,U) :=C co {U k ) 

Obviously, ( C AS (M,U),6) then forms a complex where, in degree k, 5 denotes here 
the Alexander-Spanier differential restricted to C°°(W' C ). Moreover, for every re- 
finement V °-> U of open coverings, one has a canonical chain map C^ S (M,W) — > 
C AS (M,V). The direct limit of these chain complexes with respect to U running 
through the directed set Cov(M) of open coverings of M coincides naturally with 
the Alexander-Spanier cochain complex over M: 

(6.4) Km CX s (M,W)-e: s (C°°)(M). 

WeCov(M) 

Hence the direct limit of the cochain complexes C AS (M,U) computes the Alexan- 
der-Spanier cohomology of M. Note that since homology functors commute with 
direct limits, Alexander-Spanier cohomology also coincides naturally with the di- 
rect limit 

lim H* AS (M,U)- 

WeCov(M) 

Now let C^{M,U) be the topological dual of C k AS (M,U), i.e. the space of com- 
pactly supported distributions on M k+1 . Transposing S gives rise to a chain com- 
plex (C^ s {M r U),S*), the homology of which is denoted by Hf(M,U). The in- 
verse limit 

(6.5) H^ S (M) := lim H^ S (M,W) 

WeCov(M) 

is called the Alexander-Spanier homology of M. By [MoWu. Prop. 1.2] one has 
for every open covering U of M a natural isomorphism between the Alexander- 
Spanier homology and Cech homology 

(6.6) H^(M,U) = H.{M,U)- 

This implies in particular, that Alexander-Spanier homology coincides naturally 
with Cech homology. Moreover, for a good open cover U of M, i.e an open cover 
such that all finite nonempty intersections of elements of U are contracible, the 
homology H^(M,bl) of the cover U then has to coindide with the Alexander- 
Spanier homology H^ S (M) of the total space (cf. IBoTul §15]). 

By duality of the defining complexes, Alexander-Spanier homology and coho- 
mology pair naturally, which means that in each degree k one has a natural map 

(6.7) (",-): Hf(M) x H k AS {M) -» R. 

Let us describe this pairing in some more detail, since we will later need it. Let 
[f] be an Alexander-Spanier cohomology class represented by some cochain / £ 
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C k AS (M,U). Let n = ([ Fv ]) 

VgCov(m) ^ e an Alexander-Spanier homology class, 
where the }iy are appropriate cycles in C^ S (M, V). Then, one puts 

(6-8) (F,lf])--=m(f)- 

It is straightforward to check that this definition of the pairing {ji, [/]) does not 
depend on the choice of representatives for the homology classes [}i v } respectively 
for the cohomology class [/] . 

Besides the above defined sheaf complex (Q AS {0),5), one can define the sheaf 
complex (C* AS ((9),^) of antisymmetric Alexander-Spanier cochains and the sheaf 
complex (Ql AS (0),S) °f cyclic Alexander-Spanier cochains. A section of G AS (0) 

over U C M open which is represented by some / 6 O m+1 (U k+l ) is called anti- 
symmetric resp. cyclic, if 

f(x a{oy x a{k+1 ) = sgn(c7) f(x , ...,x k ) 

for all (xq, . . . , Xfr) close to the diagonal and every permutation resp. every cyclic 
permutation a in k + 1 variables. In the following we show how to determine the 
cohomology of these sheaf complexes. To this end we first define degeneracy maps 
s 1,k for < i < k as follows: 

s i,k . Q&{k+2) _^ q&(1c+1) ^ yk+l^ 

/o (8> ... (8 fk+i i->- fo (8 • • • (8 fifi+i (8 ... (8 fk+i- 

Obviously, these maps s l,k induce sheaf morphisms s 1,k : C^ 1 (C?) — > 6 AS ((9). 
Moreover, one checks immediately that the following cosimplicial identities are 
satisfied: 

(6.9) S'l' = 5'S ! ~\ if i < j 

(6.10) p*- 1 f* = f*- l p+ l * ifi<; 

pV" 1 ^" 1 fori</, 

(6.11) s>' k 6 l = i id for i = j or i = j+ 1, 

[^"V-*- 1 forz>/ + l. 
Next we introduce the cyclic operators 

(6.12) f* : 6^(0), -> e k AS (0) x , \fo®...®fk]x ^ <8...<8/ fc <8 fo]x 

Note that the cyclic operator t k is induced by a globally defined sheaf morphism 
t k : C AS (0) - * C AS (C). One easily checks that the t k satisfies the following cyclic 
identities: 

(6.13) t k S' = ?~V _1 , if 1 < i < k 

(6.14) t k f' k = s i - 1 ' k t k+1 , if 1 < i < k 

(6.15) (f fc ) fc+1 = id. 

This means that the tuple (C AS (0), 8 ,~& ,k , t k ) is a cyclic cosimplicial sheaf over M. 
Its cyclic cohomology can be computed as the cohomology of either one of the 
following complexes: 
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(1) the total complex of the associated cyclic bicomplex with vertical differen- 
tials given by 5 in even degree resp. by — S in odd degree, and horizontal 

differentials given by id — f* in even degree resp. by N k := YLi=o in 
odd degree; 

(2) the complex obtained as the 0-th cohomology of the horizontal differentials 
in the cyclic bicomplex; in other words this is the cyclic Alexander-Spanier 
complex G* AS (0) with differential 6; 

(3) the total complex of the associated mixed cochain complex with differen- 
tials 6 and B AS , where B AS := N k s°' k ( id —t k ~ l ) with s ^ the extra degener- 
acy defined above. 

By Proposition [6j] the Hochschild cohomology of the mixed complex (3) is given 
by k in degree and by in all other degrees. Hence the cyclic cohomology of this 
mixed complex coincides with k in even degree and with else. Since the cyclic 
cohomology is also computed by C* as (C).t one obtains the claim about the cyclic 
Alexander-Spanier cohomology in the following result. 

Proposition 6.4. In the derived category of sheaves on M, both sheaf complexes C* s ((9) 
and C* AS (0) are isomorphic to k, whereas C* AS (0) is isomorphic to the cyclic sheaf com- 
plex 

k^0^k^...^0^k^0^.... 
Moreover, the antisymmetrization e' : C AS (C) — > C* AS (C), 

is a quasi-isomorphism. 

Proof. By the previous considerations it remains only to prove that e* is a quasi- 
isomorphism. To this end one checks along the lines of the proof of Proposition 
16. H and by using the maps s k that C* AS (C) is a fine resolution of k, and that e" is a 
sheaf morphism between these fine resolutions over the identity of k. □ 

Remark 6.5. Abstractly a cyclic object in a category C is a contravening functor 
from Connes' cyclic category AC to C, cf. [Lo. §6.1]. The cyclic category AC has the 
remarkable property of being isomorphic to its opposite AC ? via an explicit func- 
tor as in Prop. 6.1.11. in IILol . Therefore, out of any cyclic object, one constructs 
a cocyclic object -that is, a covariant functor AC — > C- by precomposing with this 
isomorphism, called the dual. With this, one recognizes the cocyclic sheaf & AS (0) 
as the dual of the cyclic sheaf o\ associated to O as a sheaf of algebras. 

Next we construct a quasi-isomorphism from the sheaf complex (6^(0), 5) to 
the total complex of the mixed sheaf complex (fi*(— ,k),d,0). To this end define 
for 2r < k and UcM open a morphism 

t k J r :T(u,e k AS (o)) ^n k - 2 '\u,k) 
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as follows. First let / e &k+1 (U k+1 ) be a representative of a section of <Z k AS {0) 
over U, let x E U and v\,..., v k _i r £ T X M. Then put 

A £u r (/)*( p l' v k-2r) ■= i + 2 i r ?,' E E s g n ( v ) s g n (^) 

57- • • • ^ 0/) (*,*,•••, expjtCsi^l))/ • • • / exp x {s k -2r^a(k-2r))) U,=0 

as\ o^k-lr 

Hereby, S p<(? denotes the set of (p, 9) -shuffles of the set {0, . . . , p + q}, and vf for 
v 6 S k+ i is defined by 

vf(x , x x ,..., x k ) := f(x v{0) , x v(1) , x v(k) ). 

Obviously ^f r (f) vanishes, if / vanishes around the diagonal of U k+1 . Hence 
one can define 

*tu(f + J(*k+l, U k+1 )) := A k J r (f) 

which provides us with the desired morphism. By an immediate computation one 
checks that for f , ... ,f k e 0(U) 

\tu (/o®---®/*) = 
(6.16) (k-2r)\ ^ , . _ , j, 

= ( k + l)\ L s g n ( V )/f(0)-----/i/(2r)«/ 1 /(2r+l)A...Ad/ 1/W . 

^ veS 2r+ l,k-2r 

Proposition 6.6. Let X k : Caas(^) Tot k BCl'(— ,k) be the sheaf morphism defined 

k _ 2r 

by X k := E2r<)c A /c • TTiew the following relation is satisfied: 

A k+ l~5 = d\ k . 
Proof. First check that for < i < k 

A tu r (^'(/o®.-.®/*-i)) = 

= (-l) i ^ 2 '(l®/o®.--®/k-i) 
. _ 2r) 1 

= (-!)' + E s g n ( l/ )/v(0)® •••®/v(2r-l)d/v(2r)A...Ad/ v(k _ 1 ) / 



(fc ■ 1 ■ 

' V6h 2 r,<:-2r 



and then that 

>fc-l-2r 



dA™(/ ®...®/n) = 
(fc — 2r — 1)' 

= £j 1 E sg n ( t/ ) d (A(0)®---®/ 1 /(2r))Ad/ l/(2) . +1) A...Ad/ 1/()c _ 1) 



veS 2r+U-2r-l 

(Jfc-2r)! 



E s g n ( l/ )/v(0)®---®/v(2r-l) d /v(2r+l) A --- Ad /v()fc-l)- 

1/ eS 2 ,.,/ r _2r 

By the definition of <5, these two equations entail the claimed equality. □ 
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6.2. Higher indices. Alexander-Spanier cohomology has been used by CONNES- 
MOSCOVICI [CoMoJ to define higher (analytic) indices of an elliptic operator act- 
ing on the space of smooth sections of a (hermitian) vector bundle over a closed 
(riemannian) manifold. More precisely, the Connes-Moscovici higher indices can 
be understood as a pairing of the Chern character of a K-theory class defined by 
an elliptic operator with the cyclic cohomology class defined by an Alexander- 
Spanier cohomology class (cf. [MoWu]). Unlike for the K-theoretic formulation of 
the Atiyah-Singer index formula, where the K-theory of the algebra of smooth sec- 
tions over the cosphere bundle of the underlying manifold is considered, it turns 
out that for the K-theoretic formulation of higher index theorems the appropri- 
ate algebra is the algebra of trace class operators acting on the Hilbert space of 
square integrable sections of the given vector bundle. This point of view and the 
fact that the pseudo-differential calculus on the underlying manifold gives rise to 
a deformation quantization enable us to compare the higher analytic index with 
the higher algebraic index and then derive the Connes-Moscovici higher index 
formula. In the following we provide the details and proceed in several steps. 
Step 1. Assume that Y G D 2 "(M) ®c<»(M) W* is a trace density for the star 

product algebra A^^ on M. In other words this means that 

Tr : A { S ]) -> k, a i-> / T(«) 
Jm 

is a trace functional on .4^ . Then we define a chain map 

x Tr :e: s (Q((ii)))-e-(^( fi ))) 

as follows. For /o,/i,...,/)t G C°°(U)((h)) with U C M open and a , a k G 
A [ C ^\U) put 

(6.17) X Tr (/ <g>/i ® ... <8>/jt) (fl ® ...®a k ) := Tr /c (f *a , . . . ,/**«*), 
where 

(6.18) Tr* (« ,.../«jfc) := Tr (so*-- •*«*)• 

Since the star product is local and the trace functional Tr is given as an integral over 
the trace density, which also is local in its argument, one concludes that the cochain 
X Tr (/) vanishes, if / G C°° (U k+1 ) ((h)) vanishes around the diagonal A k+1 {U). By 
passing to the quotient we obtain the desired maps Xx r : Cas(^m((^))) (^0 ~ * 
Q k (^{W)) (JJ"). By straightforward computation one checks that 

bX Tr = X Tl S and BXjr (/) = 0, if / G ^(^((ft))) (U). 

Hence Xj r provides a chain map from the cyclic Alexander-Spanier complex to 
the cyclic complex of the deformed algebra. 

Remark 6.7. Let A be a sheaf of Ik-algebras. Assume that on O a local product 
denoted by ■ is defined, and that A carries an (9-module structure. Finally let 
t : A(M) — ► k be a trace. Then Eqs. 1 16.1 7\ and J6.18|l define a map 

X T :e k AAS (0)^C\(A(M)). 
Later in this section we will make use of this observation. 
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We now want to compare the morphism Xj T with Q o A. To this end, let Y 
denote the trace density Y 2 ^ defined in 13.51 Note that by Proposition 13.61 Y 2 ^ is 
a trace density, indeed. Furthermore, let IT C M be a contractible open Darboux 
domain. By Theorem l3.9l one knows that 

Qu(l)=Tr 

is a generator of the cyclic cohomology group H 2k ( Tot* BG (A^'')(U)) for k > 0, 

and that all other cyclic cohomology groups H 1 ( Tot* BG* (A^)(U)), with I odd. 
Moreover, observe that for all k £ N 

^Tr(l 2?c+1 ) = Tr 2/f and Q$A(l 2k+1 ) = Q 2 j c (l) = Tr. 

But since 

^(& + B)(Tn,-Tr 3 (-if- 1 ^-!) =Tr +(-l)^ 1 Tr 2/f forfc>0, 

both Tj r (l 2k+1 ) and Q^A(1 2J:+1 ) are generators of the cyclic cohomology groups 
H 2,c (Tof BG'iA^^iU)) for k > 0. Hence one concludes 

Proposition 6.8. The sheaf morphismsX Jr : e* AS (C^((fr))) Tot* fie* (^(( fi ))) and 
Q o A : e* AS (Q((fi))) Tot* fiC* <--> lot* BG'(A^) coincide in the de- 

rived category of sheaves on M. In particular, X Tr : e* AS (C^((?z))) -> Tot* SC* (A ((ft)) ) 
is a quasi-isomorphism. 

Step 2. Next we explain how a global symbol calculus for pseudodifferential 
operators on a riemannian manifold Q gives rise to a deformation quantization on 
the cotangent bundle T*Q. Given an open subset LI C Q denote by Sym m (!I),m 6 
Z, the space of symbols of order m on U, that means the space of smooth functions 
a on T* LI such that in each local coordinate system of U and each compact set K in 
the domain of the local coordinate system there is an estimate of the form 

£ i r, in — l/SI 

|3*df «(*,£) I <C KA/3 (1 + |£| 2 )— , ieK^6T;Q,^6N», 
for some Cx, a/ 6 > 0. Moreover, put 

Sym co (!J) := (J Sym m (LT), Sym-°°(!I) := f| Sym m (l/). 

Obviously, the spaces Sym"'(LT) with meZU form the section spaces of a 

sheaf Sym m on Q. Similarly, one constructs the presheaves YDO m of pseudodif- 
ferential operators of order m £ ZU on Q. Next let us recall the definition 
of the symbol map c and its quasi-inverse, the quantization map Op. The sym- 
bol map associates to every operator A £ YDO'"(!i) a symbol a £ Sym m ( If) by 
setting 

(6.19) «(*,£) := A(;t(-,xy«< Ex P^-») (x), 

where Exp^T 1 is the inverse map of the exponential map on T X Q, and 

(6.20) rQxQ-[0,l] 

is a smooth cut-off function such that % = 1 on a neighborhood of the diagonal, 
^(x, y) = x(y> x ) for all x, y £ Q, supp ^( ■, x) is compact for each x £ Q, and finally 
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such that the restriction of Exp r to an open neighborhood of Exp" 1 ( supp x)) 
is a diffeomorphism onto its image. The quantization map 

(6.21) Op : Sym"'(!i) YDO m (U) C Horn (C~ {U),C°°{U)), 

is then given by 
(6.22) 

(Op(«)/)(x):= [ f e^Wiv)) x{x> y )a { x ,Z)f{y)dydZ, f £ C~ (U). 

The maps tr and Op are now inverse to each other up to elements YDO _co respec- 
tively Syrn^ 00 . Note that by definition of the operator map, the Schwartz kernel 
^Op(a) of °P( a ) is g iven b y 

(6.23) K 0p{a) (x,y) = jW?W X {x.y) «(£) K- 

By the space ASym m (U), m £ Z of asymptotic symbols over an open JJ C Q one 
understands the space of all 6 C M (T*Ux [0, oo)) such that for each ft £ [0, oo) 
the function q(—,ti) is in Sym m (!i) and such that q has an asymptotic expansion 
of the form 

q ~ Yit hka m-k, 
/ceN 

where each a m _ k is a symbol in Sym"* (li). More precisely, this means that one 
has for all N £ N 

/ N \ 

lim (<?(-, ft) - ft~ N £ ft fc fl m _ fc ) =0 in Sym m - N (!I). 



k=0 



Like above one then obtains sheaves ASym" 1 for m £ ZU {±oo}. Now consider 
the subsheaves JSym m C ASym m consisting of all asymptotic symbols which van- 
ish to infinite order at ft = 0. The quotient sheaves A" 1 := ASym ffl / JSym m can 
then be identified with the formal power series sheaves Sym m [[ft]] . 

The operator product on YDO°° induces an asymptotically associative product 
on ASym 00 (Q) by defining for q, p £ ASym 00 ( Q) 



(6.24) q © p :-- 



c- h (0 Ph (q)oO Pn (p)) ifft>0, 
q{-,fi)-p(-,fi) ifft = 0. 



Hereby, Op n = Opot fi and = U-% o cr, where ^ : Sym°°(Q) — »• Sym°°(Q) is 
the map which maps a symbol a to the symbol (x, £) i— > a(x,ft£). By standard 
techniques of pseudodifferential calculus (cf. |Pf98|), one checks that © has an 
asymptotic expansion of the following form: 

oo 

(6.25) q®p ~ q-p+Y J C k {q,p)h k , 

k=l 

where the Cj- are bidif f erential operators on T* Q such that 

c\[a,b) —c\{b,a) = —i{a, b} for all symbols a, b £ Sym°°(Q). 

Hence, © is a star product on the quotient sheaf A 00 , which gives rise to a de- 
formation quantization for the sheaf At*q of smooth functions on the cotangent 
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bundle T*Q. By definition of the product © it is clear that for the Schwartz kernels 
of two operators Op h (q) and Op h (q) one has the following relation: 

(6 - 26) K o Ph ( 9 ® P ) ^ = S Q K o?ni^ x ' z ) K o Vh ( P ){z,y) dz. 

Even though © is not obtained by a Fedosov construction, it is equivalent to a 
Fedosov star product * on T*Q by INeTs 95I. In the following, we fix * to be such 
a Fedosov star product, and assume that it is obtained by a Fedosov connection A 
constant along the fibers of T*Q. Note that by the equivalence of © and *, each 
trace functional for © is one for * and vice versa. 

Using the riemannian metric on Q one even obtains a trace functional Tr on A 00 
by the following construction. Pseudodifferential operators TDO cpl dun ^(Q) act as 
trace class operators on the Hilbert space L 2 (Q). Thus there is a map 

Tr : A-°°(Q) - Cpr\ft]], q - tr (Op h (q)), 

where tr is the operator trace. By construction, Tr has to be a trace with respect to © 
and is ad(A°°)-invariant. Using the global symbol calculus for pseudodifferential 
operators [WlD , Pf98 J the following formula can be derived: 

1 f cv^ m Q 

(6 ' 27) Tt(,)= (W=ft)^i C ,( -' ft) (dtoQ)I- 

where to is the canonical symplectic form on T*Q. Moreover, by the remarks 
above, Tr is also a trace with respect to the Fedosov star product *. Finally note 
that for all operators A £ AYDO°°(Q) 

(6.28) tr (Op h tr h (A) - A) = 0. 

Step 3. The final step reduces the computation of the higher indices to the alge- 
braic higher indices using the global symbol calculus of step 2. We begin by defin- 
ing the analytic higher index using the localized X-theory of MOSCOVICI-Wu 
IIMoWul . Let Q be a compact riemannian manifold and consider the smoothing 
operators YDO~°°(Q) acting on L 2 (Q). These operators have a smooth Schwartz 
kernel, and therefore YDO-°°(Q) 5* C~(Q x Q). Note that by assumptions on 
Q, every element K G YDO~°°(Q) is trace-class, and YDCr°°(Q) is dense in the 
space of trace class operators on L 2 (Q). For any finite open covering hi of Q, we 
define 

YDO" CO (Q,W) := {K e YDO"°°(Q) | supp(X) C U 2 }, 

where U k := \J UeU U k for k e N*. Now let M o(YDO- co (Q,W)) be the induc- 
tive limit of all N x N-matrices with entries in TDO _co (Q,W). Likewise, define 
Moo(YDO-°°(Q,W)~) and M ro (C), where TDO-°°(Q,W)~ := TDO-°°(Q,W) © 
C. With these preparations, one defines 

K°(Q,U) := X (YDO- CO (Q,W)) := 

(6.29) := {(P,e) £ Moo(YDO"°°(Q,W)~) x Moo(C)) | P 2 = P, P* = P, 

e 2 = e, e* = e and P-e £ M m (TOO^(Q,W))}/ ~, 

where (P,e) ~ (P',e') for projections P,P' G Mco(YDO-°°(Q,W)^) and e,e' e 
Moo(C), if the elements P and P' can be joined by a continuous and piecewise C 1 
path of projections in some Mjv(YDO _00 (Q,ZY)) with N»0 and likewise for e 
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and e' (see IMoWul Sec. 1.2] for further details). Elements of K°(Q,U) are repre- 
sented as equivalence classes of differences R := P — e, where P is an idempotent 
in M 00 ( 1 FDO~ 00 (Q / W)~), e is a projection in Moo(C), and the difference P-e lies 
inM 00 (YDO-°°(Q,W)). 

A (finite) refinement V C U obviously leads to an inclusion YDO~°°(Q, V) <— > 
YDO-°°{Q,U) which induces a map K°(Q, V) -> K°(Q,W). With these maps, the 
localized K-theory of Q is defined as 

(6.30) <c(Q) : = Ijm K°(Q,W). 

WeCov fin (Q) 

Concretely, this means that elements of K® (Q) are given by families 
(6-31) ([ p w-^]) WeCov fi„ (Q) 

of equivalence classes of pairs of projectors in matrix spaces over YDO _co (Q,W)~ 
such that en 6 Moo(C) for every finite covering U and (Pu, e u) ~ (^V> e v) m 
Mqq (Y~°°(Q, wh enever VcM. 

Following [MoWu], we now construct the so-called (even) Alexander-Spanier- 
Chern character map 

Ch£:< c (Q)-H 2 A . s (Q). 

As a preparation for the construction we set for every subset W c Q, k 6 N and 
every finite covering V of Q 

st*(W,V) := (J 7iU...UV b where 

(Vi,...,VjOechain*(W,V) 

chain* (W,V) := 

:= {(v lr ...,v k ) e v fc I wnv 1 ^&,v 1 nv 2 ^(D,..., v k ^nv k 7^0}. 

Then we define st k (V) as the open covering of Q with elements st ,c ( V, V) where V 
runs through the elements of V. Obviously, one then has 

YDO"°°(Q, V) ■ . . . ■ YDCr°°(Q, V) C YDO -00 ^, st*(V)). 
^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ 

Jc— times 

Next let us fix an even homology degree 2k and a finite open covering U of Q. 
Then choose a finite open covering £Yq of Q such that st' c (ZYo) is a refinement of 
Now let Ru := Pu ~ eu e YDO~°°(Q,W ) represent an element of K (Q,bl ) as 
defined above, and put for fg, . . ■ ,fik £ C°°(Q) 

(Cr$(^ ))(/ ®...®/ 2Jfc ) := 

( 6 - 32 ) , (2JfcV n, 

:= (-2/r/)^ £ 2fc tr ((/ofy/i . . ./atfy) - (/o^/i ■ • -/ 2 ^ )) 

It has been shown in IMoWul Sec. 1.4] that the right hand side even defines a cycle 
in C^{M,U), hence one obtains a homology class Qh^.(R u ^,U) & H^(M,U)- 
Moreover, a family R — {Rv)y e c v Sin (Q) defining a local K-theory class gives rise 
to a family of compatible homology classes Cb^(Ru ,U), U E Cov fin (Q), hence by 
the universal properties of inverse limits one finally obtains a character map Ch^f : 
K L(Q) H 2k(Q) indeed. Let us now reformulate the pairing <[/],Ch^([R])), 
where [/] denotes an Alexander-Spanier cohomology class of degree 2k. Without 
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loss of generality, we can assume that [f] has the form [/q (g> . . . (g) /2k] with the 
fi being smooth functions on Q. Then note that the operator trace tr on L 2 (Q) 
induces a trace onY'^fQ). With this trace, equation (16.171 defines a morphism 

X%:C%(Q,U)^Cf (Y-~(Q,ab)) 
which is uniquely determined by the requirement 

X^(/o ® . . . <8> f k ) (Ro ® • • • ® Kit) := tr (/ R ■ ■ ■ /jtRfc) , 

where the /; on the right hand side are viewed as bounded multiplication oper- 
ators on L 2 (Q), and the R, are elements of Y^°°(Q,Wo). Note that on the right 
hand side C 2 ^ (f~°°{Q,l^o)) is the restriction of the space of cyclic 2/c-cochains 
Cf (Y"°°(Q))) to elements of Y-°°(Q,Uq). By the construction of the pairing in 
Alexander-Spanier homology in Remark |6.3| and the definition of Ch^f above, the 
pairing between localized X-theory and Alexander-Spanier cohomology can be 
rewritten as 

(6.33) ([f},Ch^([R))) = (x^( £ 2fc /),Ch(R % )), 

where R = (Ry)y e c 0V fm(Q) is as above, Ch is the noncommutative Chern charac- 
ter (on the chain level) as defined by Eq. ^4.11 , and where U is a sufficiently fine 
covering such that in particular U 2k+1 is contained in the domain of the function / 
defining the Alexander-Spanier cohomology class [f] . 

Let us now come to the definition of the localized index, or in other words, the 
higher index which originally was defined by CONNES-MOSCOVICI in DCoMot 
§2.]. To this end assume first that E — > Q is an Hermitian vector bundle over 
Q and that D is an elliptic pseudodifferential operator acting on the space of 
smooth sections E°°(E). The operator D gives rise to an invertible principle sym- 
bol Cpr(D) G C°(T*Q \ Q). Its restriction to the cosphere bundle will be denoted 
by 

cr res (D) := (7 pr (D)| S * Q . 

The restricted principal symbol <7 res (D) defines an element in the odd K-group 
Ki(C co (S*Q)). Morever, as explained in llCoMol p. 353], one can associate to 
c res (D) and each finite covering U of Q an element R u = P u — e u 6 *¥~°°(Q,V() 
which is constructed as a difference of a certain pseudodifferential projection P of 
order — 00 on Q and a projection in the matrix algebra over C and which fulfills 
the crucial relation 

ind(D) = trR u . 

Note that Ru is homotopic to the graph projection of D (cf. [ElNaNe|), and that 
the induced class [R] 6 Ri° 0C (Q) of the family R = (Ru)u depends only on the class 
of a ies (D) in Ki (C co (S*Q)). One thus obtains a map 3 : Rj (C°°(S*Q)) -* K^{Q) 
which we call the local index map. Next let [f] be an even Alexander-Spanier co- 
homology class of degree 2k which is represented by the function / E C°°{Q 2kJrl ). 
Then one defines the localized index or higher index of D at [f] as the pairing 



(6.34) 



ind [/] (D):=([/],Ch^f(9[cr res (D)])> 
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Note that according to the work of IM oWul , this localized index can be trans- 
formed into the original definition of the localized index by CONNES-MOSCOVICI: 

(6.35) 

ind[fl(I>) := (-l) k / tr (R v (x 0/ Xi) ■ . . . ■ Rv(*2*-l/*2*)) f( x o, ■ ■ ■ , x 2k)du lk+1 
= %U(f)(R v ®...®R v ), 

where here u is the volume form on Q, R := {Ru)ll := dc^D), and V is a finite 
covering sufficiently fine such that V 2fc+1 is contained in U 2k+1 , the domain of the 
function / defining the Alexander-Spanier cohomology class [/] . 

Now let Uj = cT)j(Aj), i — 0, . . .,k be the asymptotic symbols of pseudodifferen- 
tial operators A, 6 AYDO _co . For all Alexander Spanier cochains fa <g) . . . © fa 6 
C°°(Q ,C+1 ) the following relation then holds true asymptotically in h: 

Xtr(/ ® . . . ® fa) (Aq ® • • • ® A k ) := tr (faA faA k ) = 
= tr (/ Op fi (fl ) ■ • • ■ ■ fkOp h (a k )) 
= tr (Op ft (/o«o) ■ • • ■ ■ Op h (faa k )) 
(6.36) = tr ( Op fi (/ «o © ... © /*«*)) 

= Tr (/o © a © . . . © fa © fljt) 
= Tr (fa * fl * • • ■ * fa * flfc) 
= X Tr (/ <g> . . . <8> fa) (<iq © . . . © fljt). 

Hereby we have used that /; Op^ (fl, ) = Op ft (/;«;), and that by Eq. (|6.26l l 

tr ( Op s (fl,- © fl m )) = tr ( Opfc(fli) Op fi (fl )+1 )). 

Using the results from Step I together with Eqns. I|6.33b and d6-36|) one now obtains 
with Yy =: PftRy the asymptotic symbol of Ry, and / = fa © . . . © /2k 

/~« 



indflp) = <[/],Ch$ (3[cr„(D)])) (xfc 2fc (/),Ch (R v ) 

(x Tr ^(/),Chr v \ = (x Tr£ 2 'W]),Chr\ Pro Ep31 / Q ^ £ 2fc ([/]), ch i 



fadfa A...Adf 2k A A(T*Q) Ch(Vi - V 2 ). 



(2tiV=T)* -/t*q 

Hereby Vj — V2 is the virtual vector bundle obtained by the asymptotic limit h \ 
of r, and r is the symbol of Rq with Q denoting here the trivial covering of Q. We 
have thus reproved the following result from [C0M0). 

Theorem 6.9. For an elliptic differential operator D on a riemannian manifold Q and an 
Alexander-Spanier cohomology class [f] of degree 2k with compact support the localized 
index is given by 



md m (D) = / fadfa A ... A dfa k A A(T*Q) Ch( V x - V 2 ). 

u> (27tV-1)' c JT*q 
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7. A HIGHER ANALYTIC INDEX THEOREM FOR ORBIFOLDS 

In this section, which comprises the final part of this work, we prove the higher 
index theorem for elliptic differential operators on orbifolds as an application of 
the higher algebraic index theorem for proper etale groupoids of Section [5] This 
generalizes the higher index theorem by CONNES-MOSCOVICI to the orbifold set- 
ting. 

Although our strategy for the proof is the same as in Section [6j the general- 
ization is by no means straightforward: we start in Section [7?fl with defining the 
Alexander-Spanier cochain complex for proper etale groupoids G. This cochain 
complex depends on the groupoid structure, and instead of being localized to the 
diagonal, the cochains are localized to the so-called "higher Burghelea spaces". In 
Section 17.21 we explain how cohomology classes are represented by functions in 
a sufficiently small neighbourhood of these Burghelea spaces so that we can have 
cocycles acting on L 2 (Go) by convolution. This is important in Section ED for the 
pairing with orbifold localized K-theory. 

In Section [731 we relate orbifold Alexander-Spanier cohomology to the cyclic 
cohomology of a deformation quantization of the convolution algebra. In Section 
17.41 the orbifold version of localized X-theory is introduced in terms of a filtra- 
tion in which smoothing operators on Go are localized to the diagonal and invari- 
ance is imposed. Via a Chern character, such i<C-theory classes pair with localized 
Alexander-Spanier cocycles. 

The link between the two pairings of Alexander-Spanier cohomology, namely 
on the one side the pairing with localized K-theory and on the other side with the 
cyclic cohomology of a deformation quantization, is given by a global ^-dependent 
symbol calculus for pseudodifferential operators on orbifolds as constructed in 
BPfPo Ta ] . This induces a deformation quantization over the cotangent bundle of 
the underlying orbifolds with which we can compare the two pairings. The higher 
index theorem finally follows by application of this idea to the canonical localized 
X-theory class induced by the elliptic operator. 

7.1. Orbifold Alexander-Spanier cohomology. As before, we denote by M an 
orbifold given as a quotient space of a proper etale Lie groupoid Gi =3 Go- The 
orbifold version of the Alexander-Spanier sheaf complex is constructed as follows: 
again we consider the space of loops B w c Gi . On this space define the following 
sheaves: 

L AS,twl<-^ •— s ^Go 
where Oq is a sheaf of unital algebras as before. We introduce a cosimplicial 
structure with cof ace operators S 1 : G k AS tw ( O ) — > G k A ^\ w [O ) , i = 0, . . . , k + 1 given 
by 

S\fo ® ...«>/*):= /o <8> ... ® ® 1 <8> fi+i ®---®fk, 
and degeneracies s' : e k AS/tw (0) -> 6^,(0), i = 0,...,k-l defined by 

s ! '(/ 8>-.- ®fc) := fo ® •• -8> fifi+x ® ...®h- 

So far, nothing new, but this time the cyclic structure t k : CAStw(^) ~~ * ^AStw( < -^) 
is given by 

t(fo ® • 8>/it) := fx ® ■ ®ft 8> O'Hfo), 
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where 6 : B@' — » Gi is the cyclic structure of the groupoid A(G). Recall, cf. 
BCrI Def. 3.3.1], that 9, and also O^ 1 , equips A(G) with the structure of a cyclic 
groupoid. Using that notion, it is not difficult to verify that with these structure 
maps CAStw(^) * s a coc y cnc sheaf on the cyclic groupoid (A(G),# -1 ) and gives 
rise to an oo-cocyclic object {Q'p^^iO),^,^,}) in the category of G-sheaves over 
B(°) such that t k+1 = _1 in each degree k. 

Remark 7.1. Pulling back the standard cyclic sheaf of algebras Oq on Go to B^°\ 
there is a way to twist the structure maps by the cyclic structure 6, cf. ICrI . The 
cyclic sheaf above is simply the cyclic dual of this one. Notice that there is no 
twist in the degeneracies because exactly the face operator containing the twist in 
s~ 1 Oq o is not used in the definition of the dual, cf. HLOl §6.1]. 

Associated to the underlying simplicial complex is the Hochschild sheaf com- 
plex (e' AS iw (0),S) with differential 6 = Ef=o(-l)^- 

Definition 7.2. The orbifold Alexander-Spanier cohomology H^ s orb (M, O) of M 
with values in O is defined to be the groupoid sheaf cohomology of the complex 

(<W°)'*)- 

As alluded to in the notation, orbifold Alexander-Spanier cohomology is inde- 
pendent of the particular groupoid G representing its Morita equivalence class. In 
fact we have: 

Proposition 7.3. There is a natural isomorphism 

H\ S/0rb (M,0) = H'(M,k). 

Proof. As for manifolds, cf . Proposition 16.11 the inclusion k > tw is a quasi- 
isomorphism in Sh(A(G)) since it is clearly compatible with the G-action on both 
sheaves. But for the locally constant sheaf k we have the natural isomorphism 
H # (A(G),k) S H*(M,k). □ 

As groupoid cohomology, orbifold Alexander-Spanier cohomology can be com- 
puted using the Bar complex of A(G). However, instead of using the nerve of 
A(G), we shall use the isomorphic Burghelea spaces associated to G to write down 
such a Bar complex. Introduce 

B {k) := {(go gk) e G k+1 | s(g ) = t(gi) s(g k ^) = t(g k ),s(g k ) = t(g )}. 

These Burghelea spaces B" form a simplicial manifold with face maps 

(gO,---,gigi+lf-rgk), 0<i< k-1, 

{gkgO>--->gk-\), i = k- 

Consider now the map a k : B^ -> G^ +1) given by a k (g , .. .,g k ) = (s(g ), . . . ,s(g k )). 
With this we define for each k e N the sheaf S k := a* (0^ k+1 '>) , the pullback 
sheaf of 0^ k+1 ^ to BW. We write AS k (G r O) := T(B^ k \S k ) and observe that 
a (bornologically) dense subspace of the space of sections T(B( k \S k ) is given by 
sums of sections of the form 

/ = f <8> ■ ■ ■ ® fk ■ {go, ■■■ ,gk)^ {fo)[ go \ »...«> ifk)\g k \, 



(7.1) di(g ,...,gk) 
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where (/;)[#] G ^s(g ; ) an d (#0/ • ■ • igk) G B". With this in mind, we introduce a 
simplicial structure on AS* (G, O) by means of the coface maps 5 l : 
AS fc (G,0) defined as 

^(/o8>-.-®/fc-l) bo ,..., a] 

= J ^ta.) ® C/b) [go] ® (/i ) fe] ® • • • ® (A-i ) to] » = 

\ (/o) N ® • • • ® CfO^jft 1 ® !ste) ® • • • ® (A-i)fo] for 1 < i < 
Codegeneracies are given by 

s '(/o®---®A+iW-*] 
= C/b) k„] ® • • • ® (/t-i)fe_ x ] ® ■ (/m)y ® (/»+2)[g i+1 ] ® • • • ® C/i+Ofet]- 

Finally, we can define a compatible cyclic structure t k : AS k (G, O) — > AS k (G,0) 
by 

t k (fo ® ■ ■ ■ ® AW,,,] = (-i) ,c (/o) [ft] ® (A) L?o] ® • • • ® (A)^]. 

It is straightforward to show that with these structure maps AS* (G, (9) is a cyclic 
cosimplicial vector space indeed. 

To relate the above introduced cosimplicial complex with the Bar complex of 
the sheaf cohomology of CAStw(^) on ^ n Definition 17.21 we identify £>W with 
AG^ by the map v 

v(gor- ■ ,gk) = (gi ■ ■■gkgorgv ■ ,gk)- 
The induced isomorphism on AS^ is computed to be 
v* (/o ® • • -®f k )(g\ ■ ■ ■ gkgo,gi, ■■■ ,gk) = 

= (C/o(go))gl ■ ■ ■ gkgO, {fl(gl))g2 ■ ■ ■ gkgO, ■■■ , ifk(gk))go)- 

The image V*(<Sfc) then is a sheaf on AG^ k \ Observe that the sheaf iSj. can be un- 
derstood as the pullback of a sheaf O k w on £>(°) through the map 

(gl •••£*&>/ •••/£*) '-►SVg/t&o- 
It is easy to check that u* defines an isomorphism between the complex AS^ (G, 0) 
and the Bar complex on AG of CAStw(^)- Since A(G) is proper, the Bar complex 

is quasi-isomorphic to the complex of invariant sections on £>( '. Denote by f> : 

B (k) ^ B (o) the 

map jS(gO/ • • ■ / gk) — go ■ ■ ■ gk- Putting all this together, we have 
Proposition 7.4. For every proper etale Lie groupoid G and sheaf O as above 

/j»:^(G ( 0)-r„(B(»)e» Sitw (o)). 

is a quasi-isomorphism ofcochain complexes. 

7.2. Explicit realization of Alexander-Spanier cocycles. Recall that in the case 
of manifolds the Alexander-Spanier cochain complex could be written as a direct 
limit of a cochain complex of functions defined on a neighbourhood of the diag- 
onal A k+1 : M -» M k+1 given in terms of the choice of an open covering of M. 
This realization of Alexander-Spanier cocycles was crucial in the definition of the 
pairing with localized X-theory. In this section we will generalize this construction 
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to proper etale groupoids G, where this time the role of the diagonal is played by 
the Burghelea space B^ <—* G\ +1 . 

Let Gi =4 Go be a proper etale groupoid modeling an orbifold M, and If C Go 
an open set. A local bisection, cf. [MoMR, §5.1], on If is a local section a : If — > Gi 
of the source map s : Gi — ► Go such that t o a : U — ► Go is an open embedding. This 
second property of local bisections shows that they define local diffeomorphisms 
of Go and as such the product 

(7.2) (oiPi)W := <ri(t(oi(x)))<r 2 (x) 

is defined if the domain of o~\ contains the image of t o <T\. 

Definition 7.5. A covering U = of Go is said to be G -trivializing if it satis- 

fies the following two conditions: 

i) U is the pull-back of a covering of M along the projection n : Go —> M. By 
this we mean that there exists a covering U of M such that U consists of 
the connected components of 7r _1 (lf), If £ U. 

ii) For all g £ Gi, there exists an i £ I and a bisection <t, defined on If, with 
^'(sC?)) = 8- In particular, s(g) £ LT/. 

Remark that such a covering always exists and is completely determined by the 
induced covering of the quotient M. We will therefore denote the set of coverings 
of M satisfying property ii) above by Covg(M). Clearly, Covg(M) is directed by 
the notion of refinement. Remark that the property of being G-trivializing very 
much depends on the groupoid G, and not the quotient. As an easy example, 
consider a manifold M: when represented as a groupoid with only identity arrows, 
any covering satisfies the properties above. However, when represented as a Cech- 
groupoid associated to a fixed covering U, only those coverings that refine the 
covering U 1 = {If, n IL}^ , g j are trivializing. 

Also, the o~i in ii) are uniquely determined by g because G is etale. Because of 
this, we shall write of for this local bisection. Furthermore, since son = ton, 
we have n(t(a?(Uj))) — Tt{llj) so there exists a j £ I such that (f o of)(Uj) = Uj. 
Associated to the covering are the subsets G,-,- C G\, i,j £ I defined by 

Gij := {g £ Gi | 8(g) £ Uj, cj{Uj) = Ui}. 

The conditions on the covering ensures that Uyel = With this notation, we 
introduce 

B u := U G m x • • • x G ¥o G i +1 - 

k,...,i k el 

Remark that there is a canonical embedding C By . 

Lemma 7.6. The family of spaces By, k £ N carries a canonical cyclic manifold struc- 
ture which extends the cyclic structure on B^'K 

Proof. Let (g , . . . , g k ) £ . By definition, there are iQ,...,i k £ I such that gj £ 
G/./. +1 . Let be the unique local bisection (Tj : Uj. — > Gi corresponding to gy. By 
construction, Cj + i ( Lf; ) = If; ., and we can define the product of gj and as 

#©#+1 := (Wti)( s 0?/ti))' 
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with the product of the local bisections as in ((7.2) . It is not difficult to check that 
this definition of the product is independent of the choice of z'o, . . . , zV To see that 
it is associative it is best to think of the local bisections C; as elements in the pseu- 
dogroup of local diffeomorphisms of Go Finally, with this composition, we can 

define the cyclic structure on By by the same formulae as in l|7.1|l . The proof that 
this indeed define a cyclic manifold is then routine. Clearly, it induces the canoni- 
cal cyclic structure on the Burghelea spaces. □ 

Remark 7.7. Note that the product g\ g2 coincides with the groupoid composi- 
tion, if s(gi) = t(g2). The product can thus be understood as an extension of 
the groupoid product around the "orbifold diagonal" meaning around the set of 
composable arrows. 

Let us now introduce the following complex: 

C k AS (G,U) := C~(B«). 
The differential 6 : C k AS (G,U) -> C k A + ^{G,U) is defined by the formula 

(Sf) (g ,...,g k+ i) ■ = 

k 

■= £(-l) ! '/(go, • • .,gi © gi+i, ■■■>gk) + (-V k+1 f(gk+i ®go,---,gk)- 

i=0 

Since the differential is defined in terms of the underlying simplicial structure on 
By ', we automatically have S 2 = 0. 

Example 7.8. Consider the transformation groupoid T x X =4 X associated to a 
group action of a discrete group T on a manifold X. By definition, s(j, x) — x, 
t(<y, x) = j(x) for x G X, 7 G T, and a bisection on X is given by an element 7 6 T. 
In this case, the trivial covering of X/T obviously satisfies the conditions i) and ii) 
above. Unravelling the definition this leads to the following complex associated 
to the trivial covering of X: C k AS (T x X,X) := C°°((r x X) ,c+1 ) and the differential 
is given by 

(7.3) 

k 

{Sf)(j 0/ x ,...,j k+1/ x k+1 ) := £(-l) ! (7o,x 0/ . • .,x / _i,7;7 /+ i,x 1 - +1 ,. . .,7^+1,^+1) 

i=0 

+ f(7k+ilo,x Q , . . . ,j k ,x k ). 

In particular, for T the trivial group and any covering U, we find exactly the com- 
plex 116.31 1. 

Clearly, if a covering U satisfies condition i) and ii) above, a refinement V ^ U 
also satisfies these conditions and therefore induces a canonical map C' AS (Q,U) — > 
C AS (G, V). With this, we can take the direct limit over the set of coverings of the 
orbifold M. 

Proposition 7.9. In the limit, there is a canonical isomorphism 

lim Cls(G,U) = AS m (G,0). 

MeCov G (M) 
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Proof. As the cover gets finer, the set B^ <—* G + shrinks to the Burghelea space 
£>W. Therefore, the restriction of a function / G C°°(B^) to the germ f\ B (k) of 
B^' induces the linear isomorphism as in the statement of the Proposition. It is 
straightforward to show that this map is compatible with the differentials. □ 

By Proposition l7.31 we therefore have that the cohomology of the limit complex 

lim (C' AS (G,U),5) 

WeCov G (M) 

equals H*(M, k). In fact, unravelling all the isomorphisms involved, we have: 

Corollary 7.10. The cohomology class in H k (M, k) induced by a cocycle f = /o <E> . . . (gi 

fik £ C°°(B^) is represented by the closed invariant differential form on B^ given by 

v* (4(f)\ B (*)) = E E fa(0)(go)df a{1) {gi) A...Adf a(k) (g k ). 

In particular, if f has compact support, the resulting differential form is compactly sup- 
ported. 

This gives us an explicit way of representing cohomology classes in H'(M, k) 
by cocycles defined on a sufficiently small neighbourhood of the "orbifold diago- 
nal" BW G k+1 . For example, for a transformation groupoid as in Example l7.8l 
we have 

M = U XW/Z {7) . 
( 7 )econj(r) / 

As we have seen above, there are enough global bisections in this case, and we can 
use the trivial covering. We write / = J^j^y fj ^7 ror an element in/ £ C°° (T x X) . 
The function 

f(l) = E 1U vyv- l > 

is closed under the Alexander-Spanier differential, Sf/y\ = 0, as an easy argument 
shows. By the canonical projection onto the direct limit complex, it induces a cocy- 
cle of degree zero in the Alexander-Spanier complex. It is not difficult to see that 
this is a generator of H°(X<?>/Z( 7) ,k) C H°(M,k). 

7.3. Relating orbifold Alexander-Spanier cohomology with cyclic cohomology. 

We assume in this step Go is equipped with an invariant symplectic form to. Let 
^(w) be a (local) deformation quantization on Go- According to IITaI , A^'' x G 
is a deformation quantization over the groupoid G, which by definition is a defor- 
mation of the convolution algebra on G. In BPfPo TaI, we constructed a universal 
trace Tr on A^'' x G. The trace functional is defined by 

(7.4) ■&(«):= f m aeA^(Go), 

where Y^ - '' is defined in Section [5] (cf. Remark 15.6b . In this step, we will use Tr 
to associate to each groupoid Alexander-Spanier cocycle on G a cyclic cocycle on 

#))xG. 



CYCLIC COCYCLES ON DEFORMATION QUANTIZATIONS 49 

Note that there are two natural products on A'"' x G. Recall first that linearly 
sM(W'), and that this space carries the convolution product 

* c defined by 

(7.5) Lfi*c/ 2 ]*= E (Ifihig2)\f2] si , /i,/ 2 er cpt (G 1 ,sM(( ?i ))) / geG 1 , 

Slg2=g 

where [f] g denotes the germ of a section 6 r C p t (Gi,s*„4^ fi ))) at the point g e Gj. 
Secondly, the star product * can be canonically extended to ,4(w) x G by putting 

(7-6) \fi*h\ g = s*\fi}g*s*[f 2 ] g , h,h e r cp t(G 1 ,sM(( fi ))) / g e d. 

Now we can define X| : AS* (G,q?((/i))) -» C'(4((^) x G) by 

Xtt(/o®"-®/t)(«0® •••®8] t ) 

= Tr fc (/o * fl / ' ' ' / A * «it) := Tr ((/ *fl ) *c • • • *c (A * «fc))- 

Since in the definition of Tr(A) by Eq. (|7.4b only the germ of a 6 ^.(w) x G at 
B( ) enters, X^ r (/) (a) with / = /o <g> • • • ® /„ and a = «o ® ■ ■ ■ <8> % depends only on 
the germ of (/q ★Aq) *c • • • *c (fk * a k) at S^ )- By definition of the products * c and * 
on AyM) x G, the value Xj r (/) (a) then depends only on the germs of /o (g> — ® 
and «o ® ' ' ' ® flfc at Bw, In particular, if / vanishes around BW, then X£ (/) = 0. 
This shows that for each k, Xj r is well defined as a map from AS (G, ( (ft) )) * to 
C k (A^ x G) . Moreover, one checks immediately that 

bX% = X%5 and BX%(f) = 0, if / G AS^C;? ((»)))*. 

We conclude that Xj r defines a cochain map from the the groupoid Alexander- 
Spanier cochain complex of G to the cyclic cochain complex of A^ r '^ x G. 

To relate our construction to higher indices of elliptic operators on an orbifold 
M, we construct a cochain map X^. from groupoid Alexander-Spannier cochain 

complex of G to the cyclic cochain complex of the algebra *4.1? , which can be 
identified as the algebra of G-invariant smooth functions on Go equipped with a 
G-invariant star product. 

Let c be a smooth cut-off function on Go as is introduced in |Tul Sec. 1]. Define 
e a smooth function on G by 

e(g) :=c(s(g))h(t(g))l 

It is easy to check that YLg=g 1 g 2 e (Sl) e iS2) — e (g)- Let E be the corresponding 
projection in AW) x G with Ef != o = £■ (We point out that e and E may not be 
compactly supported but they can be chosen to be inside a proper completion of 
x G on which the convolution products are still well defined.) It 
is easy to check that e commutes with all G-invariant functions on Go and similarly 

£ commutes with all elements of A^ . 

We will use £ to define a cochain map X^ from groupoid Alexander-Spannier 

cochain complex of G to the cyclic cochain complex of A.^ • 
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Define X™ : AS'(G f C^(h))) - ^(A^) by 
(7.8) 

X^(/ (8>- ■■®fk)(a ,-- ■ ,a k ) :=Tr ((/ * (a * c E)) * c ---* e (f k * (a k * c E))) 

= Tr (((/o*E)* c fl ) *c- "*c ((A*E)*c fljt) 

where uq, - ■ ■ , a^- are elements of .All identified as G-invariant functions on Go- 
We point out that since ao, ■ ■ ■ ,a k and for ■ ■ ,fk are compactly supported, ((/q * 
E) *c fl o) *c ' ' ' *c ({fk* E) *c is a l so compactly supported. Using the fact that E 
commutes with a,-, we can quickly check the equality between the two expressions 
in the definition. Hence, the pairing X$f(/ <g> • • • «>./*)(• • • ) is well defined. Sim- 
ilar to Xj r , one can easily check that X^f is compatible with the differentials and 
therefore defines a cochain map. 

Both Xj r and X^ are morphisms of sheaves of complexes. Now we explain how 
to related X£. and X^f when M is reduced. As shown in INePfPoTaI Prop. 5.5], 
the algebra A^^ x G is Morita equivalent to the invariant algebra (A^\Go))^, 
if M is reduced. The Morita equivalence bimodules are given byP := A ((% ^ 
E and Q := E * c A^ x G, where P (and Q) is a left (right) A^ x G and right 

(left) (^(( r, ))(G )) G bimodule. In particular, the map / : (A^(Go)) G -> A^ x 
G defined by i(a) = E * c a * c E = a * c E is an algebra homomorphism between the 
two algebras, and one can easily check the following diagram to commute: 

AS'(G,0) ^ C'(A« n » x G) 

u 

AS*(G,0) C"((^«*))(Go)) G ) 

We point out that when G is a transformation groupoid of a finite group T acting 
on a symplectic manifold X, then one can choose e = E to be the element 

e = irT E *y 

where 5-y is the function on U x T such that Sj(x, 7) = 1 for every x G 0, and 
which is otherwise. Note that the Morita equivalence between the crossed prod- 
uct algebra A^ x T and the invariant algebra A^(X) T S A ( ^ )] with M = 
X/T was proved by DOLGUSHEV and ETINGOF IIDoEtI . 

After the above discussion, we end this subsection with comparing the con- 
structions above with the quasi-isomorphism Q from Section IS31 Since all the 
cochain maps involved are sheaf morphisms, the same local computations as in 
the proof of Proposition 16 . 81 entail the following result. 

Proposition 7.11. The sheaf morphisms Xj r : C* AS (C£ o ( (ft) ) ) -» Tot" BG m (A$^) 
and Q o A : e* AS (C^((ft))) -> Tot* BG* (A { ^ )] ) ^ Tot* BG*(A { ^ )] ) coincide in the 
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derived category of sheaves on M. In particular, the morphism Xj r : CJ AS (C^((fi))) — »• 
Tot* BQ' (Am ) is a quasi-isomorphism. 

7 A. Pairing with localized X-theory. In this section we will define localized K- 
theory for orbifolds and its pairing with the Alexander-Spanier cohomology de- 
fined in Section [770 Let Q be an orbifold modeled by a proper etale groupoid 
G. Pseudodifferential operators on orbifolds were introduced in |GNll fGN2| and 
IIBull as operators on C°°(Q) that in any local orbifold chart can be lifted to invari- 
ant pseudodifferential operators on open subsets of R n . Here we are interested 
in the algebra of smoothing operators that are lifts of such smoothing operators 
on Q. However, the notion of invariance is not straightforward, except for global 
quotient orbifolds. 

First let us remark that C°°(Q) embeds into C°°(Go) as functions invariant un- 
der G via pull-back along the projection n : Go — > Q- Consider the algebra 
YDO~°°(Go) of smoothing operators on Go- Let U = {Ui}i e i be a G-trivializing 
covering of Go and denote by A,- the restriction of A £ Y~°°(Go) to IT/ E U. Define 

YDCC°(G,W) : = 

:= {A e Y _oo (G ) | supp(A) C U 1 , Ai(gx,gy) = Aj(x,y) for all i,j El,gE Gy}. 

Note that this definition really makes sense, since G is etale, hence any arrow 
g E Gi induces, by the existence of a local bisection, a local diffeomorphism with 
support on a sufficiently small neighbourhood of s(g) E Go- Therefore, we find: 

Proposition 7.12. For a sufficiently fine covering U of 'Go, any element A E YDO i ^^ (G,W) 
defines a smoothing operator on C™ t (Q). 

Observe that YDO^ v °°(G, U) is not a subalgebra of YDO~°°(G ) because of both 
the support condition and the invariance condition. However, we shall consider 
the space C*(YDOr v °°(G,ZY)) of cyclic cochains nonetheless. Let tr be the densely 
defined trace on YDO~°°(Go) coming from the representation on L 2 (Go). Let * be 
canonical commutative product on C°°(G) defined by f\ * /2(g) := f\{g)fi(g) for 
fl,f 2 E C°°(G). For / = f <g) . . . ® f 2k an element in C~ (B^ k) ) define, as before, 

X%(f)(A ® . . . ® A 2k ) = tr k ((/o * e)A , . . . , (f 2k * e)A 2k ), 

with Aq, . . ., A 2k E YDO i ^ v °°(G,ZYo), where Uq is a G-trivializing cover such that 
st 2/: (Wo) refines U, and e is the projection in A X G introduced in Section [731 

Proposition 7.13. The following identities hold true: 

(S(f))(A ® . . . ® A 2k ) = (/) (b(A ® . . . ® A 2k )) 
3%(t(J))(Ao ® . . . ® A 2k ) = X%(f) (A 2k ® A ® . . . ® Aa-i). 

Proof. This is a direct computation: first observe that for / E C ™ t ( ) and smooth- 
ing operators A , . . . , A 2)c 6 "TDO tav °° (G, U ), the pairing X^ (/) (A ® . . . ® A 2fc ) can 
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be written as 

E L 2k+ i /(#>/ ■ • -,g2kWgo) ■ ■ ■ e (g2k) 

t{gi)=H- 

i=0,... ,2k 

Ao(goOo),*i) ■ ■ ■ A 2 /t(^ 2 fc(^2fc)/^0)^0- ■ -dX2k 

= E / 2k+1 f(go,---,g2k)e(go) ■ ■ -e(g2k) 

s(so)=*« 7G o 

i=0,...,2*: 

A) (go © ■ ■ • © g2k(xo), Xx)--- A 2k (x 2k/ x )dx ■ ■ ■ dx 2k , 

where, to pass to the second line, we use invariance of the kernels A,, i = 0, . . . , 2k, 
and the composition go . . . g 2k is as defined in Lemma 171)1 From this expres- 
sion and the property that e is a projection, the identities of the Proposition easily 
follow. □ 

We can therefore morally think of as being a morphism of cochain com- 
plexes from the compactly supported Alexander-Spanier complex (C^ Sc (G,U), S) 

to the cyclic complex (C* (TOOr v °°(G, U )), b). 

7.4.1. Localized K-theory. After these preparations, we can give a definition of lo- 
calized K-theory for orbifolds. Let U be a G -trivializing covering of Go and con- 
sider the associated subset YDCT^G, U) of smoothing operators. As before, uni- 
talization is denoted by a ~ . With this, let us define 

K (YDOr~(G,W)) 

(7.9) := {(P,e) £ Moo (VDO£°(G,U)~) x Mco(C) | P 2 = P, P* = P, 

e 2 = e, e* = e and P - e G M M (TDOr v °°(G,W)) }/ ~, 

where (P,e) ~ (P',e r ) for projections P,P' G Moo(YDOr~(G,W)~) and e,e' G 
Moo(C), if the elements P and P' can be joined by a continuous and piecewise C 1 
path of projections in some M« (YDOr™(G,W)) with N S> and likewise for e 
and e'. Elements of Kq (YDO in ™(G,W)) are represented as equivalence classes of 
differences R := P — e, where P is an idempotent in Moo (YDOj^°(G,ZY)~), e is a 
projection in Moo(C), and the difference P-e lies in Moo (YDOr~(G,W)). 

A (finite) refinement VcM obviously leads to an inclusion YDOr~(G, V) 
YDOr~(G,W) which induces a map K (YDOr~(G, V)) -> JC (YDOr~(G,W)). 
With these maps, the orbifold localized X-theory of Q is defined as 

(7.10) < C (Q) : = Hm X (YDO ta ~(G,W)) . 

WeCov G (M) 

More precisely, this means that elements of (Q) are given by families 

([^-^) We Cov G (M) 

of equivalence classes of pairs of projectors in matrix spaces over YDO^," > (G,W)"" 
such that en G Moo(C) for every G-trivializing covering U and {Pui e u) ~ (^V/ e v) 
in Moo (YDO in ~(G,W)~) whenever VcW. 
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7.4.2. Pairing with Alexander-Spanier cohomology. Finally, let us describe the pair- 
ing of the thus defined localized i<C-theory with orbifold Alexander-Spanier co- 
homology. Let U be a G -trivializing covering of Go, and / = f$® . . . ® f^k £ 

^cpt(^W ) a cocvc l e / i- e ' ~ 0- Choose a G -trivializing covering Uq of Go such 
that si 2k {Uo) refines U. Now let R Ug := P Uq - Q Uq G YDOr~(G,W ) represent an 
element of K (YDOr~(G, U )) as defined above. Define 

(7.12) 

(Ch 2 f (%)) (/) := (-27rO fc -S £ 2fc (tr((/ * e )P Wo (/ 1 * e )...(/ 2fc * e )P Wo ) 

- tr ((/ * e)Q Wo (/i * e) .. . (f 2k * e)Qw ))> 

where tr is the canonical operator trace on YDO _0 °(Go) and e is the projection 
introduced in Section l73l We remark that the (/o * e)Pu (fi* e ) ■ ■ ■ {fik * e )Pu an d 
(/o * e )Qu (/l * e ) ■ ■ ■ {fik * e )Qu are we ^ defined trace class operators on L 2 (Go), 
because st 2 ' c (ZYo) is finer than U. 

The same arguments as in [MoWu. Sec. 2] now prove the following result. 

Proposition 7.14. In the limit when the covering gets finer, the pairing defined by Eq. 
j7.12\ is independent of all choices and induces a map 

H-(Q,C)x< c (Q)-C. 

7.5. Operator-Symbol calculus on orbifolds and the higher analytic index. In 

this final subsection we will define the higher analytic index of an elliptic differ- 
ential operator on a reduced orbifold and, using the algebraic index theorem, de- 
rive a topological expression computing this number. Throughout this section, we 
denote by Q a reduced compact riemannian orbifold modeled by a proper etale 
groupoid G. The groupoid T*G therefore models the cotangent bundle T*Q. 

7.5.1. Orbifold pseudodifferential operators and the symbol calculus. Here we recall the 
symbol calculus on proper etale groupoids of IPfPoTaH and relate it to the the- 
ory of pseudodifferential operators on orbifolds by imposing invariance. As for 
the smoothing operators in Section 17.41 invariance only makes sense when the 
operators are localized to a sufficiently small neighbourhood of the diagonal in 
Go x Go- Let U be a G-trivializing cover of Go, and choose a cut-off function 
X '■ Go x Go — > [0, 1] as in (|6.20b with supp(^) C U 1 which is invariant: 

X(gx,gy) = X{x,y), for all g G G/y, x,y G x Uj. 

These choices define a quantization map as in (6.21)) . Observe that the groupoid G 
acts on the sheaf Sym'" of symbols on Go, since they are just functions on T*Go- It 
therefore makes sense to consider the subspace Sym™ of invariant global symbols 
of order m. With this, we see from the explicit formula H6.22I I that the quantization 
provides a map 

Op: Sym™ v -YDO™ v (G,ZY), 
where, as for the smoothing operators, 
YDO™ v (G,W) := 

:= {A G YDO m (G ), | supp(A) c U 1 , gA.g' 1 = Ay,for all i,j G I,g G G, ; }. 
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Indeed, both the support and the invariance properties follow from the corre- 
sponding properties of the cut-off function %. In the opposite direction, the symbol 
map a defined in equation J6.19|l maps a : YDOj^ v (G,t/) — »• Sym|^ v and we there- 
fore have an isomorphism 



induced by Op and a. Now, since pseudodifferential operators have smooth ker- 
nels off the diagonal, one observes that the right hand side inherits an algebra 
structure from the product in YDO°° ( Go ) even though YDO mv (G, U) is not closed 
under operator composition. Therefore, going over to asymptotic families of sym- 
bols, one obtains a deformation quantization of T* Q by defining the product on in- 
variant asymptotic families of symbols as in equation | |6.24| |. We refer to IPf PoTaI 
Appendix 2] for more details about this operator-symbol calculus. Moreover, the 
operator trace on L 2 (Q) defines a trace tr on this deformation quantization. We ob- 
served in BPfPoTaII that as in the manifold case, this canonical deformation quan- 
tization using the asymptotic symbol calculus is isomorphic to one constructed 
by a Fedosov connection. Under the corresponding isomorphism, the operator 
tr is identified with the trace Tr defined by Eq. (|7.4b . Besides this, we can use 
now a similar argument as in Sec. 17.31 for the construction of Xj r , to show that 
asymptotically in fi the locally defined maps Xt r (!i) glue together to a sheaf mor- 
phismX tr : e* s (C£ Go ((h))) -> Q'(A^). Furthermore, we can pull back func- 
tions on Q to T*Q, hence we obtain a quasi-isomorphism from C* s (Cq ((h))) to 
2*s(^t*q((^)))- Using the same arguments as for the proof of Eq. (|6.36b , we can 

show now that the induced cochain map Xtr '■ ^*as{^t*q) > (^t^Q ) ^g^^s 
with the map Xjr- 

7.5.2. The orbifold higher analytic index. Let D be an elliptic differential operator on 
the reduced orbifold Q. We denote by the same symbol D its lift to a G-invariant 
elliptic operator on Go- With the symbol calculus developed in the previous section 
we can now prove the following: 

Proposition 7.15. The elliptic operator D defines a canonical element [D] 6 K® oc (Q). 

Proof. By the definition of localized X-theory, cf . (|7.10l l, we first have to construct 
an element in Kq (YDOr°?(G,W)) for any G-trivializing cover IA, and second for 
any refinement V C U a homotopy between the corresponding K-theory elements 
localized in V respectively U. To achieve the first we use the operator-symbol cal- 
culus developed in Section [7.5.11 and follow the standard procedure (cf. [EgSc. 
Sec. 3.2.2]) to find a symbol function e 6 Sym^ v (Q) such that o~(D)e — 1 and 
eo-(D) — 1 are in Sym^. Choose a G-trivializing covering U 1 such that st 2 (W') 
refines U, and a corresponding invariant cut-off function we define the quan- 
tization map as in | |6.21| |. It follows that both DOp(e) — / and Op(e)D — / are 
elements in YDOr^(G,W), since D is an invariant differential operator. Write 
E = Op(e), and define Sq := I — DE, and S\ := I — ED, and 



mv 



TOO£ v (G,W)/YDO-°(G,W), 
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Then the matrix J? defined by 
R = L 

is a formal difference of projectors in M2 (YDO in ^°(G, U)) which defines an ele- 
ment in K ( YDOr™ (G, U) ) . Second, for a refinement VcW we have two element 
R u £ K (YDOr~(G,W)) and R v £ K (YDCT~(G, V)) defined by using cut-off 
functions Xu an d Xv- But then the family of projectors Rt, t £ [0, 1] defined us- 
ing the cut-off function Xt = tXu + (1 — 0/CV gi ves the desired homotopy proving 
that both projectors define the same element in Ko (YDOr~(G, U)). In total, this 
defines the element [D] £ K[ L(Q). It is independent of any choices made. □ 

We are now ready to define the higher analytic index of D. Let [f] £ H^ t (Q, C) 
be a compactly supported cohomology class of degree 2k, represented by an Ale- 

xander-Spanier cocycle / £ C^(By) satisfying 6(f) =0 for some G-trivializing 
cover U. Choose a G-trivializing cover V such that st^V) refines U. Then by the 
above discussion, Ry defines an element in Kq (Yr^G, V)), which can be paired 
with /. Hence we define the [/] -localized index of D to be 

ind^j =:04 S (R V )(/), 

which is independent of the choices of the representative / in its cohomology class 
and the coverings U, V. 

Using the previously obtained results from this section one proves exactly like 
for Eq. 116.361 that by comparing Eq. l|7.8|l and Eq. l|7.12|l the higher analytic index 
of D on Q can be computed using the corresponding higher algebra index of rv, 
where is the asymptotic symbol of Rp. Therefore, we can apply Thm. I5T31 to 
compute m d[|] (D). This proves our last result. 

Theorem 7.16. Let D be an elliptic pseudodijferential operators on a reduced orbifold 
Q, and [f] a compactly supported orbifold cyclic Alexander-Spanier cohomology class of 
degree!]. Then 

• j f 1 A 2 /^(/)AA(f^M)Ch 9 (cr pr (D)) 

md m (D) - J — 7 =^— che(A _ lA0 ' 



r=0- 

where t, Ch^, A_jN, and m are as in Theorem [5.13\ 

We end this section with two remarks about the above Theorem l7.16l 

(1) When we take the Alexander-Spanier cohomology class 1 £ H°(Q), the 
localized index ind^ j (D) is the classical index of the elliptic operator D 
on Q. Theorem l7.16l in this case reduces to the Kawasaki's index theorem 
IKaI , and our proof is identical to the one given in [PfPoTaJ. 

(2) In the case that Q is a global quotient orbifold represented by a transfor- 
mation groupoid as in Example 17.81 if we take the cocycle introduced 
at the end of Section E2 the localized index indy (D) can be computed 
using a theorem by Atiyah and Segal in | AtS"e1|. 
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Appendix A. Cyclic cohomology 



A.l. The cyclic bicomplex. Here we briefly recall the definition of Connes' (b,B)- 
complex computing cyclic cohomology. Let A be a unital algebra over a field k. 
The Hochschild chain complex (C, (A),b) resp. the normalized Hochschild chain 
complex (C,(A),b) is given by 

C k (A) := A (8>k A® k resp. Q(A) := A ® k {A/k)® k 
equipped with the differential b : Q-(A) — > Q_i(A), 



k-1 



b(ao (g) . . . (g) a k ) := (-l) ! «o <8> . . . <8> fl;fl;+i <g> . . . <g> + (-1) %flo ® 

i=0 



Note that passes down to C,(A). The homology of (C.(A),fc) is called the 
Hochschild homology of A and is denoted by HH,(A). It naturally coincides 
with the homology of the normalized Hochschild chain complex. Introduce the 
operator B : C k (A) — > C k+ i(A) by the formula 



B(a <g> . . . (g> flfc) 



k 

£( 

i=0 



. . . <8> flj; <g> flQ ' 



This defines a differential, i.e., B 
(b, B) -bicomplex 



0, and we have [B, b] — 0, so we can form the 



C 2 (A)-^d(A)-^C (A) 



C 1 (A)-^C (A) 



Co (A) 

The total complex associated to this (normalized) mixed complex 

[k/2]_ 

B k (A) = Q_ 2 ,(A), 

equipped with the differential b + B, is the fundamental complex computing the 
cyclic homology HC.(A). The dual theory is obtained by taking the Hom|(- ,k) 
of this complex with the induced differentials, also denoted b and B. For example 
the normalized Hochschild cochain complex is given by C (A) := Homj^C^A^k) 
and this leads to the normalized mixed cyclic cochain complex (B* (A), b, B) . This 
is the mixed complex that we will mainly use throughout this paper. For further 
information on Hochschild and cyclic homology theory and in particular for the 
definition of B and B'(A) in the general, not normalized, case see [Lo[. 
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Remark A.l. Note that for A a sheaf of algebras over a topological space M, the 
assignments U f— > C k (T(U, A)) and U i— ► C fc (r cpt (!i, ^4)), where il runs through 
the open subsets of M are presheaves on M. 

Remark A.2. Throughout this paper we consider only algebras resp. sheaves of al- 
gebras which additionally carry a homology compatible with the algebraic struc- 
ture. It is understood that the Hochschild and cyclic (co)homologies considered 
have to be compatible with the homology meaning that as tensor product functor 
we take the completed bornological tensor product and as Horn-spaces we choose 
the space of bounded linear maps between two bornological linear spaces. See 
BMeHPfPoTaTsI for details on bornologies. 

A.2. Localization. Let k denote one of the ground rings R, lR[[fi]] or ]R((7i)), and 
let M be a smooth manifold. Let Oyy t, or just O if no confusion can arise, be 
the sheaf of smooth functions C^, if k '= ]R, the sheaf Q [[&]], if k = R[[ti\], and 
finally the sheaf ((h)), if k = ]R((fi)). Assume that O carries an associative local 
product •, which can be either given by the standard pointwise product of smooth 
functions or by a formal deformation thereof. Note that in each case, O carries the 
structure of a sheaf of bornological algebras and that 

n — n^ k 

where denotes the completed bornological exterior tensor product. 

Now let X c M be a (locally) closed subset. Then put for each open If C M 

Jx,M,k( u ) := i F e °( U ) I ( DF )|xnu = for a11 differential operators D on M}. 
Obviously, these spaces form the section spaces of an ideal sheaf Jx,M,k ^ ®> we 
denote it briefly by Jx if no confusion can arise. The pullback of the quotient sheaf 
O I Jx m k by the canonical embedding / : X ■— > M gives rise to a sheaf of Whitney 
fields on X (cf. HMa1IBrPf| V The resulting sheaf i* (0/J x ,M,k) will be denoted by 
£x,M,k or £x for short. 

Next let Aj- : M —> M k be the diagonal embedding. The constructions above 
then give rise to sheaf complexes 6. (O) and C* (O) defined as follows. For teN 
and U C M open put 

(A.l) e k (0)(U):=T(A k+1 (U),£ Ak+i{M)Mk+1/k ) and 

(A.2) G k (0)(U) := Horn (r cpl (A fc+1 (Li),^ +i(M)/Mt+1/k ),k). 

Clearly, the C k (0)(U) resp. &(0) (U) are the sectional spaces of a fine sheaf on M. 
Since b and B map the ideal J Ak+lM k+i M (U) to J Ak/M k M (U) resp. J Ak+2M ^,k^' 
the differentials b and B descend to Q,(0) and G'(O). Thus we obtain mixed 
sheaf complexes (Q,(0),b,B) and (e'(0),b,B). Obviously, there are normalized 
versions of these mixed sheaf complexes which we will also use in this article. 
Finally, for each open U C M we have natural maps 

(A.3) p k :C k (T(U,0)) ^e k (0)(U), 

a ® . . . <g> a k ^ a <g> . . . g) a k + J& k+l ( U ),u,k and 
(A.4) p k : G k (0)(U) ^ C^T^UsOiU)), 

f H («0®-®»t H F(«0 ® • • • ® «Jfc + JA k+1 (U),U,k))- 
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Clearly, these maps are even morphisms of presheaves preserving the mixed com- 
plex structures. 

Theorem A.3. The morphisms of mixed sheaf complexes p, and p' are quasi-isomorphisms. 

Proof. For k = R and O the sheaf of smooth functions on M the claim has been 
proven in [BrPfJ. For k = R[[ft]] the claim follows by a spectral sequence argu- 
ment. Note that O is filtered by powers of h in that case which induces a filtration 
on C. (r(!i, O) and t^(0){U). Consider the associated spectral sequences. The 
corresponding £j -terms are the sheaf complexes associated to the sheaf of smooth 
functions on M for which we already know that they are quasi-isomorphic. But 
this entails that the limits of these spectral sequences C, (T(U, O) and Q^{0){U) 
have to be quasi-isomorphic, too. Likewise one checks that the complexes G k (0) (IT) 
and C* (r(!i, O) are quasi-isomorphic in that case. By localizing h in this situation 
the claim follows also for k = R( (h) ) . □ 
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